Palacky University Olomouc, Faculty of Education, Department of Mathematics

<

G

fam

m ._.._.__u

o ...-.__unm

: e I

o) 4

S 3 Nl L

R P T ._..__u_.u

..nh.u .l..l I.A.l .lll 4

.B a1 g _—

m 4 ..m ._fu ..r.u &

> ! L atq 5

= ...._..,.....u 4 e i

= cGd G ahlsg

= 0 i B> e [ o —%

e R 1 g ﬁ.m > =5

ks ,...u“u aaﬁu (1 —

2 18, 3 G G halll;

®© N\.\ ._....__...__.;.u b _._...u..u“u =

5 Nop g q 9§

< \u . 4 > £

© N\ a1t «3 e
L - -

= Q\\m PP > .__u___“u

< ‘TCIpy . 19 « ‘g

8 \N Qe 1 <

b $9/,, 4

5 \\ < 3

c . ms .__unu

£ Sy, <

5 &mv

2 /

T

e o e e i e o e e e e e e e o e e o e o s

ISSN 2694-8133

Olomouc 2023



Univerzita Palackého v Olomouci

Pedagogicka fakulta
Katedra matematiky

ve spolupraci s

Jednotou ¢eskych matematiki a fyzikt

pobocény spolek Olomouc

Elementary Mathematics Education Journal

ro¢nik 5, ¢islo 1

2023



Palacky University Olomouc

Faculty of Education
Department of Mathematics

in cooperation with

The Union of Czech Mathematicians and Physicists
Olomouc branch

Elementary Mathematics Education Journal

Vol. 5, No. 1

2023



Elementary Mathematics Education Journal
http://emejournal.upol.cz

Vydavatel: Univerzita Palackého v Olomouci, Pedagogicka fakulta, Katedra matematiky
Zizkovo nam. 5, 77140 Olomouc, Ceska republika

Pi-edseda redakéni rady: David Nocar (Univerzita Palackého v Olomouci, Ceska republika)

Redakéni rada: Daniela Bimova (Technicka univerzita v Liberci, Ceska republika), Csaba Csikos (Eotvos
Lorand Tudomanyegyetem, Madarsko), Radka Dofkova (Univerzita Palackého v Olomouci, Ceskéa
republika), Jan Guncaga (Univerzita Komenského v Bratislave, Slovensko), Pavol Hanzel (Univerzita
Mateja Bela v Banskej Bystrici, Slovensko), Vlastimil Chytry (Univerzita Jana Evangelisty Purkyné v Usti
nad Labem, Ceské republika), Michaela Kaslova (Univerzita Karlova, Ceska republika), Eszter Herendiné
Konya (Debreceni Egyetem, Mad’arsko), Janka Kopacova (Katolicka univerzita v Ruzomberku, Slovensko),
Radek Krpec (Ostravska univerzita, Ceska republika), Josef Molnar (Univerzita Palackého v Olomouci,
Ceska republika & Jednota &eskych matematikii a fyzik, poboény spolek Olomouc), David Nocar
(Univerzita Palackého v Olomouci, Ceska republika), Bohumil Novak (Univerzita Palackého v Olomouci,
Ceska republika), Eva Novakova (Masarykova Univerzita, Ceska republika), Edita Partova (Univerzita
Komenského v Bratislave, Slovensko), Sarka P&chouckova (Zapadoteska univerzita v Plzni, Ceska
republika), Adam Plocki (Uniwersytet Pedagogiczny w Krakowie, Polsko), Milan Pokorny (Trnavska
univerzita v Trnave, Slovensko), Alena Pridavkova (PreSovska univerzita v PreSove, Slovensko), Jana
Piihonska (Technicka univerzita v Liberci, Ceské republika), Grazyna Rygat (Uniwersytet Humanistyczno-
Przyrodniczy im. Jana Diugosza w Czgstochowie, Polsko), Libuse Samkova (Jiho¢eska univerzita v Ceskych
Budgjovicich, Ceska republika), Iveta Scholtzova (PreSovska univerzita v PreSove, Slovensko), Ewa
Swoboda (Panstwowa Wyzsza Szkota Techniczno-Ekonomiczna w Jarostawiu im. ks. Bronistawa
Markiewicza, Polsko), Ondrej Sedivy (Univerzita Konstantina Filozofa v Nitre, Slovensko), llona Olahne
Teglasi (Eszterhazy Karoly Egyetem, Mad’arsko), Martina Uhlifova (Univerzita Palackého v Olomouci,
Ceska republika), Patrik Vostinar (Univerzita Mateja Bela v Banskej Bystrici, Slovensko), Katarina Zilkové
(Univerzita Komenského v Bratislave, Slovensko)

Redakce:
David Nocar (vykonny redaktor, editor), Radka Dofkova (redaktor — editor), Martina Uhlifova (redaktor
— ptijem ¢lanki), Kvétoslav Bartek (redaktor — web administrator)

Adresa a kontakty:

Katedra matematiky, Pedagogicka fakulta, Univerzita Palackého v Olomouci
Zizkovo nam. 5, 77140 Olomouc, Ceska republika

emej@upol.cz

Informace pro autory:

Casopis uvefejituje ¢lanky k aktualnim problémiim z teorie elementarni matematiky, o inovacich,
trendech a vyzkumech v primarnim a preprimarnim matematickém vzdélavani. Jednotlivé ¢lanky jsou
anonymné posuzovany dvéma odborniky v recenznim fizenim typu ,,double-blind peer review*. Dalsi
informace a podrobné pokyny pro autory jsou k dispozici na webu: http://emejournal.upol.cz.

Za kvalitu obrazku, jazykovou spravnost, dodrzeni bibliografické normy a dodrZzovani publikacni etiky
odpovidaji autofi jednotlivych ¢lankd.

Casopis vychazi dvakrat rocné.

Ro¢nik 5, ¢islo 1

Eds. © David Nocar, Radka Dofkova, 2023
© Univerzita Palackého v Olomouci, 2023

ISSN 2694-8133



Elementary Mathematics Education Journal
http://emejournal.upol.cz

Publisher: Palacky University Olomouc, Faculty of Education, Department of Mathematics
Zizkovo nam. 5, 77140 Olomouc, Czech Republic

Editor-in-chief: David Nocar (Palacky University Olomouc, Czech Republic)

Editorial Board: Daniela Bimova (Technical University of Liberec, Czech Republic), Csaba Csikos
(E6tvos Lorand University, Hungary), Radka Dofkova (Palacky University Olomouc, Czech Republic),
Jan Guncaga (Comenius University in Bratislava, Slovakia), Pavol Hanzel (Matej Bel University,
Slovakia), Vlastimil Chytry (Jan Evangelista Purkyné University in Usti nad Labem, Czech Republic),
Michaela Kaslova (Charles University, Czech Republic), Eszter Herendiné Koénya (University
of Debrecen, Hungary), Janka Kopacova (Catholic University in Ruzomberok, Slovakia), Radek Krpec
(University of Ostrava, Czech Republic), Josef Molnar (Palacky University Olomouc, Czech Republic
& The Union of Czech Mathematicians and Physicists, Olomouc branch), David Nocar (Palacky
University Olomouc, Czech Republic), Bohumil Novak (Palacky University Olomouc, Czech
Republic), Eva Novakova (Masaryk University, Czech Republic), Edita Partova (Comenius University
in Bratislava, Slovakia), Sarka Péchouckova (University of West Bohemia, Czech Republic), Adam
Plocki (Pedagogical University of Cracow, Poland), Milan Pokorny (Trnava University, Slovakia),
Alena Pridavkova (University of PreSov, Slovakia), Jana Ptihonska (Technical University of Liberec,
Czech Republic), Grazyna Rygatl (Jan Dlugosz University in Czestochowa, Poland), Libuse Samkova
(University of South Bohemia in v Ceské Bud&jovice, Czech Republic), Iveta Scholtzova (University
of Presov, Slovakia), Ewa Swoboda (State Higher School of Technology and Economics in Jarostaw,
Poland), Ondrej Sedivy (Constantine the Philosopher University in Nitra, Slovakia), Ilona Olahne
Teglasi (Eszterhazy Karoly University, Hungary), Martina Uhlifova (Palacky University Olomouc,
Czech Republic), Patrik Vostinar (Matej Bel University, Slovakia), Katarina Zilkova (Comenius
University in Bratislava, Slovakia)

Redaction:
David Nocar (executive redactor, editor), Radka Dofkova (redactor — editor), Martina Uhlifova (redactor
— receiving articles), Kvétoslav Bartek (redactor — web administrator)

Address and contacts:

Department of Mathematics, Faculty of Education, Palacky University Olomouc
Zizkovo nam. 5, 77140 Olomouc, Czech Republic

emej@upol.cz

Information for authors:

The journal publishes articles on current issues in the theory of elementary mathematics, about
innovation, trends and research in primary and pre-primary mathematics education. Each article is
reviewed by two anonymous experts (“double-blind peer review”). More information and other
instructions for authors are available at: http://emejournal.upol.cz.

The authors of the articles are responsible for the quality of the images, language accuracy, compliance
with bibliographic standards and adherence to publication ethics.

The journal is published twice a year.

Vol. 5, No. 1

Eds. © David Nocar, Radka Dofkova, 2023
© Palacky University Olomouc, 2023

ISSN 2694-8133



Elementary Mathematics Education Journal 2023, Vol. 5, No. 1
ISSN 2694-8133

Obsah

Jaroslav BERANEK: Mnohotihelniky a jejich analytické Vyjadrent ............co..ceeeeveeeereveeereverernnnnn,
Reza HABIBI: A note on dividing angles to equal Parts .........ccccccvvveviiinecie s

Jana HNATOVA: Vyuzitie technoldgie rozsirenej reality pri tvorbe a rieseni slovnej tilohy
z matematiky Studentmi ucitelstva pre primarne vzdeldvanie ...............cccccoovviiiinieninnnn,

Karel PASTOR: Zamysleni nad pravidly soutéze Matematicky klokan ................cc.ccccoviiiininnnnn.

Anton PRAYITNO: The constructing concepts of fraction: represented by circles, rectangles,
Va0 a0 q] oL T g 1= SRS

Elena RAILEAN: Computer-based assessment as a method for enforcing professional
competencies of in-service primary math teachers ..........cccccvveiiiiii e

Biisra USLUOGLU, Veli TOPTAS: Investigation of the effects of creative games and activities
on mathematics attitudes and achievements i primary SChOOL ...........cc.c.covveiiciiciiieisiiiannns

Renata ZEMANOVA: Rovnice v konstruktivistické vyuce 1. stupné zakladni Skoly ......................

Content

Jaroslav BERANEK: Polygons and their analytical representation ................c.cocceveeeveeesesrenennn.
Reza HABIBI: A note on dividing angles to equal Parts ..o

Jana HNATOVA: Utilization of augmented reality technology in creating and solving
a mathematical word problem by primary education teacher trainees ............cccocevcevvrvenne.

Karel PASTOR: Thoughts on the rules of the Mathematical kangaroo competition .....................

Anton PRAYITNO: The constructing concepts of fraction: represented by circles, rectangles,
AN NUMDET TINES ...ttt e neereans

Elena RAILEAN: Computer-based assessment as a method for enforcing professional
competencies of in-service primary math teaChers ........c..ccccviviviniiic e

Biisra USLUOGLU, Veli TOPTAS: Investigation of the effects of creative games and activities
on mathematics attitudes and achievements in primary SChool ............c.ccccoovovonciiiciiiiinns

Renata ZEMANOVA: The equation in constructivist learning at primary school .......................

17

22

32

37

57

65

74

17

22

32

37

57

65

74



Elementary Mathematics Education Journal 2023, Vol. 5, No. 1
ISSN 2694-8133

MNOHOUHELNIKY A JEJICH ANALYTICKE VYJADRENI

Jaroslav BERANEK!
Masarykova Univerzita, Pedagogicka fakulta
beranek@ped.muni.cz

Abstrakt

Tématem pfispévku jsou naméty pro problémovou vyuku v matematice na stfednich
a vysokych Skolach. Je fesen problém, jak vyjadfit zadany rovinny geometricky ttvar (napf.
jednoduchou lomenou c¢aru nebo mnohotihelnik) pomoci jediné rovnice s absolutnimi
hodnotami v proménnych x, y. Pfi feSeni je vyuzivan i matematicky program Derive.

Kli¢ova slova: Mnohouhelnik, binarni relace, absolutni hodnota, funkce

POLYGONS AND THEIR ANALYTICAL REPRESENTATION

Abstract

The article offers ideas for problem teaching in mathematics at secondary schools and
universities. There is being solved the problem of expressing the given planar geometrical
figure (e.g. a simple polygonal line or a polygon) using one equation with absolute values of
variables x, y. While solving the computer mathematical program Derive is used.

Keywords: Polygon, binary relation, function, absolute value

1. Uvod

Mezi dilezité ukoly ve vyuce matematiky patii rozvijeni matematického mysleni studentti
a ziskavani jejich zajmu o studium matematiky. Studenti, ktefi maji o matematiku zajem a jsou
motivovani k jejimu studiu, dosahuji lepSich studijnich vysledkli, coz nasledné ovliviiuje
I jejich dalsi studijni usili. Pfi ziskavani zajmu studentd o matematiku ma svij vyznam také
samostatna ,,objevitelska“ ¢innost studentli v rdmci problémové vyuky matematiky. Student,
ktery vlastnim zkoumdnim a usilim ,,objevi* néjaky matematicky poznatek, proziva radost
z uspéchu a je motivovan k dalSimu studiu a zkoumani. V tomto pfispévku je obsaZen jeden
mozny namét vhodny pro takovou problémovou vyuku. Jednd se o analytické vyjadieni
jednoduchych rovinnych geometrickych utvari pomoci jediné vyrokové formy dvou
proménnych. S ohledem na rozsah ptispévku se zaméfime pouze na analytické vyjadieni
jednoduché lomené cary anékterych mnohouhelnikli pomoci jediné vyrokové formy
s absolutnimi hodnotami.

2. Lomena ¢ara

Poznamenejme, ze podrobnosti a dikazy k této Casti prispévku lze nalézt v publikacich
(Travnicek, 1961/62; Travnicek, 1992/93; Travnicek, 2008/09). Uvodem piipomeneme
definice zakladnich pojmi. Lomenou ¢aru v roviné budeme definovat jako sjednoceni tisecek,
pro které plati urcité vlastnosti.
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Definice: Necht body Az, Ao, ..., An-1, An (N >2) lezi v jedné rovin€. Lomenou ¢arou A1A;... An-1An
nazveme sjednoceni use¢ek A1Az, A2As, ..., An—2An-1, An-1An, Z nichz kazdé dvé sousedni maji
spole¢ny pouze krajni bod a nelezi v téze piimce. Body A1, A2, ..., An-1, An budeme nazyvat
vrcholy lomené ¢ary, tsecky A1A2, A2As, ..., An-2An-1, An-1Anbudeme nazyvat strany lomené Cary.

Definice: Necht' je dana lomena cara AiAz...An-1An. Tato lomena Cara se nazyva uzaviena
lomena cara, pravé kdyz jeji vrcholy A1 a An splynou. Lomena ¢éra, ktera neni uzaviena, se
nazyva oteviena lomena Cara.

Definice: Necht' je dana lomena ¢ara A1Az...An-1An. Tato lomena ¢ara se nazyva jednoducha
lomena ¢ara, praveé kdyz zadné dvé jeji nesousedni strany nemaji spole¢ny bod.

Pro tucely tohoto pfispévku se omezime na jednoduchou lomenou ¢aru, pro kterou zadné
dva jeji body nemaji tutéz prvni soufadnici, tzn. zadné dva jeji body nelezi na piimce kolmé
kose x v kartézské soustavé soufadnic. Oznacime-li soufadnice vrchold lomené cary
Ai =[x, yi] proi =1, ..., n, pak bez Gjmy na obecnosti mizeme piedpokladat X1 < X2 <...< Xn.
Takova lomena ¢éra je tedy grafem jisté po castech linearni funkce a nasim ukolem bude nalézt
jeji funkéni predpis pomoci jediné rovnice (stru¢né¢ budeme tento pfedpis nazyvat rovnice
lomené cary). Aby byla hledana funkce definovana na celé realné ose, zavedeme jesté dva dalsi,
tzv. ,,smérové body“ P = [xp, yr], Q = [Xq, Yal, pro které plati Xp <Xz, Xn <Xg..Tyto body nejsou
vrcholy dané lomené ¢ary, ale uréuji graf hledané funkce vlevo od bodu Az a vpravo od bodu
An. Pfesnéji feceno, vektor ﬁ je smérovym vektorem polopiimky +—A1P, urcujici pribéh
lomené cary pro X — —oo, vektor An—Q je smérovym vektorem polopiimky —AnQ, urcujici
pribéh lomené Cary pro X — oo. Uréenim soufadnic bodu P, A1, Az, ..., An-1, An, Q je tedy
jednozna¢né ur¢ena lomena ¢ara v oboru vsech realnych ¢isel.

Urc¢it funkéni predpis pro funkei, jejimz grafickym vyjadienim je zadand lomena ¢éra, neni
obecné problém. Staci urcit rovnice ptimek, ve kterych lezi strany lomené ¢ary i polopfimky
—A1P, —AnQ a hledanou funkci f(x) definovat pro kazdy interval na realné ose zvlast.
Problémem vSak muze byt definovani funkce f(x) pomoci jediného funk¢éniho piedpisu. Podle
Travnicka (1961/62) je f(x) funkce s absolutnimi hodnotami. V pracich (Travnicek, 1961/62;
Travnicek, 1992/93; Travnicek, 2008/09) je odvozen nasledujici pocetni postup:

Obecnou rovnici jednoduché lomené ¢ary, zadané soufadnicemi bodu P, Ay, Az, ..., An-1, An, Q,
je mozno zapsat ve tvaru

n
y:kx+q+2ki|x—xi| =1, .., n
i=1
Pii vypoctu neznamych K, q, Ki, ..., kn lze vyuzit metody neuréitych koeficientd. Do

posledni rovnice dosadime soutfadnice bodi P, Q, X;, ... Xn. ObdrZime soustavu n + 2 rovnic
0 n + 2 neznamych kK, q, K1, ..., kn, ze které potiebné neurcité koeficienty vypocitame.
Uvedeme ptiklad. Na obrazku 1 je zndzornéna lomena ¢ara zadana body P = [-1, 1], A1 = [0,2],
A>=1[1,0],As=13,2],Q=1[4,0],kde x1=0,x2=1, x3= 3.

y

\

Obrazek 1. Lomena cara k ptredchozimu piikladu
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Obecna rovnice je potom
v=kx+gq +k1|x| +k2|x—l| +k3|x—3| .

Po dosazeni obdrzime soustavu
K +q+ks +2k+4ks=1
q+ ko +3ks=2
k+qg+k + 2ks =0
3k + g +3k1 + 2k> =2
4k + q +4ks + 3ko+ ks=0

Resenim této soustavy jsou hodnoty: k = —é, q=5 ki = —%, ko = %, ks = —%. Hledana

rovnice lomené Cary je potom po dosazeni

1
PSSEEI AN AN A )
2 2 2 2
Popsanym zplisobem je velmi snadné analyticky popsat jakoukoliv zadanou lomenou caru,
popf. sestavit zadani rovnic s absolutni hodnotou s pfedem zvolenym fesenim.

3. Mnohouhelnik

V této ¢asti se budeme vénovat analytickému vyjadieni nékterych mnohouhelnikd. Jak dale
uvidime, poskytuje tato problematika fadu namétii k samostatné vyzkumné ¢innosti studentt.
Poznamenejme, ze v celé této kapitole budeme pod oznacenim mnohouhelnik rozumét pouze
jeho hranici (v planimetrii je mnohothelnik definovan jako rovinny tUtvar ohraniceny
jednoduchou uzavienou lomenou carou).

3.1. Cty¥ihelnik

V ucebnicich jsou bézné uvadeény piiklady typu: Graficky znézornéte rovinny utvar,
analyticky vyjadieny rovnici a) 2)x—y| = 3; b) 2x + 3|x—y|= 1. Jejich feseni je snadné. V prvnim
ptfipad¢ se jednd o dvé rovnobézky, ve druhém piipadé o thel. Naskyta se nyni pfirozena
otazka, zda neni mozné podobnou rovnici dvou proménnych s absolutnimi hodnotami
analyticky popsat néktery mnohotihelnik. Zvolime nejjednodussi moznost zadani |x| +|y| = 1.

Snadno zjistime, Ze tato rovnice popisuje ¢tverec o strané J2. Nyni je mozné zadat problém,
jaky utvar je popsan obecnou rovnici

alx+blyl=c, 1)

kde a, b, ¢ jsou nenulova kladna realna ¢isla. Po chvili zkoumani a snadnych vypoctech zjistime,
ze rovnice (1) popisuje kosoctverec se sttedem v pocatku soustavy soutadnic. Jeho vrcholy maji

soufadnice [E, 0], [—E, 0], [0, E], [0, — ¢ ], délka strany je | = i\/a2 +b? , Ghlopiicky
a a b b ab
2c 2¢ . , 2c? o
maji délkye = — ,f= o a pro jeho obsah plati vztah S = e Velikosti vnitinich Gihll jsou
a

“ a . , o T
ureny vztahy o = 2arctg b’ p = —a.Odvozeni vSech uvedenych vztahli neni narocné a bez

obtiZi je zvladne student stfedni Skoly. Z uvedeného lze sestavovat zajimavé ulohy.
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Uvedeme priklad.

Piiklad 1: Urcete rovnici kosoctverce s vnitinimi hly o velikostech 60° a 120° a obsahem
S=6+3.

Oznatme «  uwhel o velikosti 60°. Z vySe uvedeného vztahu pro « plyne

a 1 . .
— =—, tedy musi platita =t, b = tv/3, kde t je realny nenulovy parametr.

b 3

Dosadime do vztahu pro obsah S a upravime:

2c?

2¢?
S=22 -2 _6/3 =>c=3t.
ab t>J3

a
tg—=1tg930° =
92 g

Po dosazeni do rovnice (1) a vydéleni parametrem t obdrzime hledanou rovnici kosoctverce
X+ /3 1y =3. 0

O analytickém vyjadreni Ctverce uz byla zminka. Nyni je mozné se rovnici Ctverce zabyvat
obecnéji. Vyjdeme z rovnice (1). Je ziejmé, ze jediné v pfipadé a = b vychazeji vnitini thly
kosoctverce pravé, jedna se tedy o ¢tverec. Obecna rovnice Ctverce je tedy

IX| +]y| =c,kdec e R, c>0.
Parametr ¢ urcuje jak délku strany, tak nasledné i obsah ¢tverce. Dosadime-li do vztahi pro

kosoctverec a = b = 1, pak délka strany étverce je C V2 aobsah je roven 2¢2. Ze vztahu S = 2¢?

S . . s . y ,
lze dale vypocitat ¢ = \/; ; proto je mozné okamzité napsat rovnici ¢tverce s piedem danym

obsahem: x| + |y| = \/g . Napt. ¢étverec s obsahem S = 8 ma rovnici |x| + |y| = 2.

Prozatim jsme se zabyvali analyzou obecné rovnice (1). Poznamenejme, Ze na levé strané této
rovnice nemuze byt znaménko minus, nebot’ by se nejednalo o mnohouhelnik, ale o dva uhly.
Nyni je mozno zadat problém, co se stane, kdyZ rovnici (1) zménime na tvar

ajxj+b|x—-y/=ckdec eRR,c>0. 2

V tomto ptipadé€ vypoctem zjistime (technické detaily s ohledem na rozsah nebudeme uvadét),
ze se jedna o kosodélnik, sttedové soumérny podle pocatku soustavy soutadnic. Jeho vrcholy

. . C c C C C C .
maji soufadnice [0,—— ],[—,—], [0, — ], [-—, ——]; délky stran jsou urCeny vztah
] [ b] [a a] [ b] [ L g ) délky stran | y y

u=—"J(a+b)?+b?, v=""Jla—b)2+b?.
ab ab

Vysku kosodélniku uréime napf. jako vzdalenost vrcholu [0, —% ] od ptimky, v niZ lezi proté&;si

+b 2c

J(a+b)* +b?

: 2C . .
odvodit vztah pro obsah kosodélniku: S = e Pomoci znalosti z analytické geometrie 1ze
a

urcit 1 velikosti vnitinich thli (zndme-1i soutadnice vrcholll). Tyto vztahy jiz uvadét nebudeme.

, . . a
strana (ma rovnici y =

c A . o ey
X+ ™ ). Po vypoctu mame v = . Nyni neni obtizné
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Zajimavym problémem je nyni zkoumat analogickym zptisobem dal$i moznosti modifikace
rovnice (2):

alx|+bx+y/=c, alyf+blx-yl=c, aly+bx+y=c.

Znaménko mezi absolutnimi hodnotami na levé stran€¢ nemlizeme ovSem zménit na minus
(Jednalo by se 0 dva uhly). Ve vsech tiech uvedenych modifikacich se jedna opét o kosodélnik.
Zajimavé jsou vztahy mezi Ctyfmi kosodélniky popsanymi rovnici (2) ajejimi tfemi
modifikacemi, ponechame-li u vSech tytéz hodnoty a, b, ¢. Uvedeme ptiklad, kdy popiSeme
kosodélniky urcené rovnicemi:

a)2[x +[x—y[ =4,
b) 2 (x| +[x +y| =4,
C) 21yl +[x —y| =4,
d) 2yl +|x+y|=4.

Délky stran, obsah i velikosti vnitinich thla vSech ¢tyf kosodélnikl je stejny. Uréime jen
soutadnice vrcholt: V piipadé a) jsou vrcholy [2, 2], [0, 4], [-2, —2], [0, —4], v ptipadé b) jsou
soutadnice vrcholu [2, -2], [0, 4], [-2, 2], [0, —4]. Oba kosodélniky jsou soumérné podle obou
soufadnicovych os. V ptipad¢ c) jsou vrcholy [2, 2], [-4, 0], [-2, 2], [4, 0], v pfipadé d) pak
[2, 2], [4, O], [-2, 2], [-4, O]. Také tyto dva kosodélniky jsou osové soumérné podle osy X
iosyy.

Jako dalsi namét pro vyzkumny pfistup lze zkoumat situaci, kdy kosodélnik uré¢eny rovnici (2)
ptejde v obdélnik (vime uz, ze pro a #b nemuze jiz byt ¢tvercem). Pi feSeni vyuzijeme faktu,
ze obdélnik je pravouhelnikem. NapiSeme rovnice piimek, v nichz lezi jedna dvojice
sousednich stran a vyfeSime, kdy budou na sebe kolmé. Rovnice ptfimek ve smérnicovém tvaru
jsou

_a+bX c b-a_ ¢

Y= T

Soucin smérnic polozime roven —1 a vypocitdime a = V2 b. Druhé mozné feseni a = —/2 b
nevyhovuje, nebot’ v rovnici (2) jsou u obou absolutnich hodnot znaménka plus. Hodnoty b, ¢

. . . T IT , i C o
jsou libovolna nenulova realna cisla. Po dosazeni J2b IX| + b |x —y| =c. Cislo b ozna¢ime C;

rovnice obdélnika je pak tvaru
V2[x| +[x ~y| = C.

Délky stran jsou U=C+/2++/2, v=C+2—+/2, obsah je roven S = C2+/2 . Poznamenejme,
ze analogické rovnice obdélnika obdrzime i ze vSech tfi modifikaci rovnice (2).

Piiklad 2: NapiSte rovnici obdélnika o obsahu S = 4 V2.
S=4+2 = C?J2,0dtud C =2 (hodnota —2 nevyhovuje). Rovnice je J2 Xl +|x —y|=2.

Poslednim namétem ke zkoumani studentil je v ¢asti o ¢tyithelnicich analyza obecné rovnice

ajx+yl+b|x-y=c,kdea,b,c e R,a>0,b>0,c>0.

10
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Reseni jiz nebudeme uvadét; poznamenejme jen, e také v tomto piipadé dostaneme
kosodélnik. Dal$i poznamkou je moznost, ze by v absolutnich hodnotach misto sou¢tu nebo
rozdilu argumentd X, y mohl byt zadan jejich soucin nebo ipodil. V tomto piipad¢ ale
nedostaneme zadny zakladni geometricky utvar (mnohothelnik nebo fthel,...). Zkoumani
takovych rovnic ale ma také svilj vyznam, alespon pro procviceni feseni rovnic s absolutnimi
hodnotami.

3.2. Sestithelnik

V piedchozi Casti jsme se zabyvali rovnicemi obsahujicimi linearni kombinaci dvou
absolutnich hodnot, jejichz argumenty jsou X, Y, X + y nebo x —y. Ve vSech piipadech (jsou-li
koeficienty a, b, ¢ kladna ¢isla a pfed obéma absolutnimi hodnotami je znaménko plus)
dostavame rovnice Ctyiuhelniku. Problémem, kterym se studenti mohou zabyvat, je otazka, co
bude popisovat analogickd rovnice, pridame-li jednu absolutni hodnotu stejného tvaru jako
Vv ptedchozim. Jedna se tedy o nasledujici typy rovnic (vzdy plati @, b,c,d e R,a>0,b >0,
c>0,d>0):

alx|+bly+cx+yl=d,

afx[+blyl+clx-y/=d
alx+bx+y+cix-y=d,
aly[+bx+y/+clx-y=d
Uz doptedu miizeme konstatovat, Ze vzdy se jedna o rovnice Sestithelniku. Jeho charakterizaci
se nyni budeme zabyvat. Vzhledem k rozsahu ptispévku podrobné rozebereme pouze posledni

zZ rovnic, tj. rovnici
alyl+bx+y/+cix-y=d. ©)

vvvvvv

pomérné pracné a vyzaduje od studentli pfi obecném feSeni nejen pozornost pii vypoctu, ale
I zna¢nou davku trpélivosti a Gsili. Uvedeme pouze vysledky. Vrcholy Sestihelniku maji
nasledujici souradnice:

A:[L,L] B:[ —d , d ]C:{i,O] Dz[i’i}
a+2b a+2b a+2c a+2c b+c a+2b a+2b

=94 —d | | 9 ol
a+2c a+2c b+c

Je nutno si uvédomit, Ze vSechny vyrazy ve jmenovatelich zlomkil nejsou rovny nule, protoze
podle ptedpokladu a, b, c,d e R,a>0,b >0, c>0,d>0. Pro délky stran lze pak odvodit
vztahy (pod odmocninou jsou vZdy kladna Cisla):

AF|=jcDj=— 9 f(a—c)? +2b% +c? 1 2ab,
(a+2b)(b+c)
|AB| = |DE| = 2d J(a+c)?+2b% +¢? +2ab,
(a+2b)(a+2c)
BC|=|EF|= (a—c) +2b°+c” +2ab.
d 2 2 2

(a+2c)(b+c)

11
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Vztahy pro vnitini uhly 1ze urcit pomoci analytické geometrie ze znalosti soufadnic vrchola
Sestitthelniku. | kdyz ani tyto vztahy nebudeme uvadét (jsou pomérné komplikované), Ize urcit,
ze tyto vnitini thly nikdy nejsou rovny 60°, proto Sestitthelnik uréeny rovnici (3) nemiize byt
pravidelny. Lze se o tom piesvédCit i porovnanim vsech tii vypoctenych délek stran, které

v

nemohou byt vSechny tfi sobé rovné. Vypocet je ale jest¢ komplikovanéjsi, jak 1ze vytusit ze
slozitosti vztahti pro délky stran. Budeme tedy zkoumat, jak se co nejvice ,piiblizit*
pravidelnému Sestithelniku. Pomérné snadno 1ze urcit ze znalosti souradnic vrcholt vzdalenosti
vSech vrcholl od poc¢atku soustavy souradnic. Porovnanim téchto vzdalenosti (vSechny vypocty
by opét mél zvladnout stiedoskolak) vychazi pomérné jednoduché tvrzeni, Ze tato vzdalenost

od pocatku je nutné Zd_b Jinymi slovy: Pokud maji byt vSechny vrcholy Sestithelniku

. . . , " 1 . .d
definovaného rovnici (3) stejn¢ vzdaleny od pocatku, musi lezet na kruznici o poloméru TR

P¥i vypodtu rovnéz obdrzime nasledujici podminky: ¢ = b, a = 2b(+/2 — 1), b je kladny redlny
parametr. Po dosazeni téchto podminek do vztahl pro délky stran, obdrzime po dosti obtizném
vypoctu, vyzadujicim opét usili a trpélivost, pomérné jednoduché vztahy:

|AF|=|CD|=1\/2—\/§, |AB|=|DE|=1\/§, |BC|=|EF|=1 o 2.
2b 2b b
Prvni atfeti vztah vyjadiuje tutéz hodnotu, tedy ctyfi ze stran maji stejnou délku. Strany

|AB|, |DE| ale tutéz velikost mit nemohou. I kdyz tedy dosadime vypoétené podminky (¢ = b,

a= 2b(\/§ — 1) do rovnice (3) a rovnici upravime (vydélime nenulovym ¢islem 2b), nebude
Sestithelnik definovany touto rovnici

1 1 d
2-1 + Z Ix+y|l+ = [Xx=-Vyl= —
(v ) 1yl 5 X+ 5 X =Yl o5

zcela pravidelny. Bude mit vSechny vrcholy ve stejné vzdalenosti Zd_b od pocatku, shodné Ctyfti
strany AF, CD, BC, EF o velikosti %\/2 —J2 ashodné zbylé dvé strany AB, DE o velikosti

Zd_b 2 . Vrcholy C, F lezi na ose x a strany AB, DE jsou S 0s0u X rovnobé&zné. Rovnobézné jsou
pfitom kazdé dvé protgjsi strany.
Piiklad 3: Urcete soutadnice vrcholl a délky stran Sestithelniku popsaného rovnici

2ly| + 3x +y| + 3)x —y| = 6.

Ze vztahli v pfedchozim textu po dosazeni vypocitame:

A:[i,i] B:[—i,ﬂ, Cc=[-1,0], D:[—%,—i}, E:F,—ﬂ, F=[1,0].

4 4
, W10 o 3 .
Délky stran AF, CD, BC a EF jsouT, délky stran AB, DE jsou > (viz obr. 2, vytvoteny

programem Derive).

12
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0.4

-0.6

noa

Obrazek 2. Sestitihelnik z piikladu 3

Poznamka: Pti analyze geometrického utvaru popsaného rovnici s vice absolutnimi hodnotami
je vyhodné uzit 1 zndzornéni pomoci nékterého matematického softwaru, napt. Maple nebo
Derive. Oba tyto matematické programy, stejné jako mnohé dalsi (Matlab, Cabri, ...) jsou
Vv dnesni dobé pro matematiky nepostradatelné a proto by se s nimi méli seznamovat i studenti,
zejména budouci ucitelé matematiky.

V ptfedchozim textu jsme se zabyvali analyzou Sestithelniku popsaného rovnici (3). Pro
ostatni tfi rovnice uvedené na pocatku této ¢asti (napt. a [x| + b |y| + ¢ [x —y| = d) by se
postupovalo analogicky. Stale ale pretrvava problém, jak analyticky popsat pravidelny
Sestithelnik, coz je opét téma k vyzkumnému pfistupu a problémové vyuce. Ziejmée
v absolutnich hodnotach v rovnici (3) a rovnicich modifikovanych nemohou byt jen argumenty
X, ¥, X+, X —V. Jak se po chvili zkouméni ukaZze, je nutno pro Sestithelnik ABCDEF zacit od
pravodicu, tj. od piimek AD, BE, CF, které pro zjednodusSeni prochazeji poc¢atkem soustavy
soufadnic. Necht’ piimkou AD je osa x, pfimka BE musi svirat s 0sou s uhel o velikosti 60°,
zatimco pfimka CF musi svirat s osou s thel o velikosti —60°. Pfimky BE, CF maji po fadé
rovnice y = /3x, y = —/3 x. Necht’ je hledany pravidelny Sestiuhelnik vepsan do kruznice
0 poloméru r. Soufadnice jeho vrcholi jsou

A=r, 0], B{f ﬂ cz{—ﬁ ﬁ] D=[-r, 0], E:[_L,_ﬁ] F:[L,_ﬁ]

2" 2r 2" 2r 2" 2r 2" or

V absolutnich hodnotach musi byt zfejmé vyrazy y + J3x; obecnd rovnice je napf.
a|y|+b‘y+\/§x‘ +c‘y—\/§x‘ =d. (@)

Je tfeba nalézt hodnoty a, b, ¢, d. Do rovnice (4) dosadime za X, y soutfadnice vrcholl
pravidelného Sestithelniku, které byly vySe uvedeny, a upravime. Pti vypoctu je tteba dat pozor
na znaménka argumentt v absolutnich hodnotach; napt. proy > 0, y+ J3x >0, y—/3x< 0
ma po odstranéni absolutnich hodnot rovnice (4) tvar

ay + by + J/3bx —cy + V3 cx =d.

13
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Po dosazeni soufadnic vhodnych bodii A, B (vzhledem k podminkém y > 0, y++/3x > 0,

y —/3x < 0) dostaneme po Gipravé rovnice +/3 br + /3 cr =d, % r +b+/3r =d . Provedeme-li

tyto vypoCty pro vSechny moznosti (vzhledem k symetrii staci uvazovat y > 0), obdrzime

soustavu tfi rovnic:
J3br+ J3cr=d
aJ_ +b/3r =
a\/_

——r+c43r=d,
2

i b:L C:L
Jar’ 243r 2:/3r

Jejim fesenim jsou hodnoty: a = . Po dosazeni do (4) a Gprave

mame

2y + ‘y + \/gx‘ + ‘y —\/gx‘ = 2./3 1, kde r je parametr (délka strany).

Posledni rovnice je analytickym vyjadfenim pravidelného Sestitihelniku. Existuje jesté jedna
moznost, kdy dva vrcholy leZi na ose y. V tom piipad¢ analogicky odvodime rovnici

2 x| + ‘x+\/§y‘ + ‘x—\/gy‘ =243r.

Oba pravidelné Sestiuhelniky popsané poslednimi dvéma rovnicemi jsou pii stejném r shodné
b
pouze pootocené o 30°. Proto vSechny body v roving, které vyhovuji soustavé nerovnic

2yl + ‘y+\/§x‘ + ‘y—\/gx‘ <243r
2+ [x+3y| + [x-+3y| <243

jsou body pravidelného dvandctithelniku (i se svou vnitini oblasti). Na obr. 3 vytvofeném opé&t
pomoci programu Derive je zobrazen takovy pravidelny dvanactiuhelnik s parametrem r = 3.

-8 -6 -4

Obrazek 3. Dvanactithelnik
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3.3. Osmiuhelnik

V této ¢asti uvedeme jiz jen vysledek zkoumani. V analogii s pfedchozimi tivahami, kdy
rovnice se dvéma absolutnimi hodnotami popisovala ¢tyfuhelnik a rovnice se tfemi absolutnimi
hodnotami Sestitithelnik, je pfirozenou otazkou vyzkouset, jaky Gtvar bude popsan rovnici

ax +bly+cix+y/ +dx-y/=e.

Po vyfeseni (opét 1 za piispeni pocitacového programu, napt. MAPLE nebo DERIVE) zjistime,
ze se jedna o osmiuhelnik. Popis soutadnic vrcholt a délky stran si jiz odpustime. Dal§im
problémem je nalezeni rovnice pravidelného osmiuhelniku. V praci [1] je uvedena rovnice
pravidelného osmithelniku vepsaného do kruznice o poloméru 1:

1 1
V2 V2

Analogickym postupem jako u Sestitthelniku (za pomoci pravodicli) 1ze obecné odvodit rovnice
pravidelného osmiuhelniku s pfedem zadanymi parametry. Je-li zadan polomér r kruznice
pravidelnému osmithelniku opsané, ma jeho analytické vyjadieni tvar

1 1
V2 V2

Je-li zadana délka s strany pravidelného osmithelniku, pak ma rovnice tvar

X+ Y[+ =[x+ Y[+ == X =y = V2 +1.

X[+ Iyl + <= x+yl+ = X -y =(V2+1)r.

3
1 1 5 1
X+ Y|+ —= X+y|+ —= [x—y|= (2++/2)2-=5.
J2 J2 2
Na obrazku 4 je zndzornén pomoci programu Derive pravidelny osmiuhelnik s parametrem
r=3.

Obrazek 4. Osmiahelnik
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4. Zavér

Zkoumani geometrickych utvarGi definovanych rovnicemi s absolutnimi hodnotami je
velmi rozsahlé a poskytuje fadu naméti pro zkoumani studentt (viz napi. Hejny, 1990;
Odvarko, 2002). V piispévku jsme uvedli pouze situace, kdy dana rovnice popisovala lomenou
nez X, Y, X +y, X — Yy, nebo ze bychom mezi jednotlivé absolutni hodnoty zaradili také jina
znaménka nez plus, dostali bychom velmi rozli¢né geometrické utvary. Dal§im problémem je,
zda lze takto popsat pomoci jediné rovnice i1 jiné n-uhelniky nez v textu popsané, napf.
pétitthelnik. Tyto problémy se zdaji byt oteviené a jsou vyzvou pro dalsi, studentiim ptistupny,
vyzkum.
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Abstract

Dividing angles to three equal parts is a traditional problem in geometry. Some
mathematician has proved that it is impossible using the usual tools in geometry. By the way,
some approximated methods are given. In this paper, we give a simple recursive method. We
show that our method works well, and its convergence rate is good. This method enables us, to
divide an angle with unknown size to k > 2 equal parts. The stochastic version of our method
is also considered.

Keywords: Angle, Geometry, Rate of convergence, Recursive partitions

1. Introduction

An angle is a figure in geometry which its position, direction, precision are too important
in real world. It forms when two rays meet at a common vertex. An angle can be divided to two
equal parts by angle bisector. However, it is a very old problem in geometry that it is impossible
to divide an angle with unknown size to 3 equal parts using the straightedge and compasses.
The routine method for bisection of geometric angles has continued to dominate the scene
despite the fact that it divides angles only into 2, 4, 8 etc. excluding 3, 5, 6, 7, 9 etc. equal parts.
This could be caused by the absence of other simple methods or that some angles that cannot
be obtained through bisection can be copied from the protractor or the use of set squares, see
Elekwa (2011). The method by Odogwu (2015) is mathematically complex, tedious and cannot
be practiced easily. There is therefore the need for other methods to be introduced.

In this paper, we show that it is possible to divide an angel to k > 2 equal parts using
algebraic infinite series. Dividing an angle with size &, (« unknown) is equivalent to dividing
a line with length «. To see that, it is enough to consider the angle, as a central angle of a circle
with unit radius.

1.1. Three parts.
It is easy to see that (see for example Rudin, 1976)

- 2
D (12 = 3

Here, we interpret this series, geometrically. Consider line A,A with (unknown) length a.
Suppose that a particle is at A, . Particle moves from A to A,. From A, the particle returns to
the middle of AjA (call it A,). Note that it isn't necessary to know the size of lines (angels)
for dividing them to two equal parts. Our moving particle goes from A, to A, (the middle of
A,A,) and returns to A,. Repeat this moving and returning until infinity. Figure 1 illustrates
more.
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Y p— > Aq, Ap——-- > Az, ... Stopatflm

Figure 1. Particle movements among A's

It is obvious the particle stops at A, . Since the length of A A , converges to zero. The length

of A A, equals to distance moved by particle which is
. P2
all-=+=-=+..) = - (-1/2) ==«

A=+ gt = e (1) =3e

Therefore, it is enough to divide A A, to two equal parts. In fact, we have proved our claim.
It is easy to see that

> (-1/2)' —§a| = (@l3)2™.

This shows that the speed of convergence A, to A (thatis 27") is good. The above equation
also suggests to drop the first n moves and to start from A, . As follows, a simple proof is given

0 i 2 -
for Zi:O (-1/2)' = 5 Let n be an arbitrary natural number and a be a real number such that

1_(_a)n+1

lal <1. Then, ¥ (-a)'=—~

Y2 (—a)t = ﬁ By assuming a = 0.5, the proof is completed.

. As n - o, then (—a)™*! goes to zero and

1.2. The k parts

In this part, we generalize our result to k equal parts. Our approach is based on induction.
We show that if we can divide a line to k > 2 parts then partitioning to (k + 1) parts is possible.
In this way, since we have done for k = 3, therefore we have done for k = 3, 4, ... . The proof is
easy. One can check that

o i Kk
- (-1/k) = ——.
Z|:O( ) k+1

Again, consider moving particle and in each stage divide the segmented line to k parts
(instead of 2 parts). The above infinite series says that you will divide the A,A, to k equal parts.

2. Generalizations
Here, we rephrase our problem. Suppose that f is positive function such that f (o) <« .
How can we part f (o) from line (angel) with unknown length . In the previous section, we

solve this problem for f (a)=a/k. Here, we present some special cases. Let f («) =% \where
r

r>1 is a rational number. Let rz% for some 1=k'<k"=2.3,.... Then f(a):%a.
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Therefore, the problem reduces to deriving kl of an angle with size k"« . This is solved in the

previous section. A natural generalizationis f («)=ca where 0 <c <1isan irrational number.
There is a sequence of rational numbers {c,_}such that ¢, T ¢ (Rudin, 1976). Let d_ =c_—c,,
with ¢, =0. Then

d, =idi.
i=1

To update the moving and returning algorithm, in the n-th stages of algorithm, let particle moves
from A, ,to A, such that the length of A A, , is d Therefore, we have shown we can solve

our problem for f (a)=ba where 0 <b <1 is a positive real number.

3. Stochastic version

In this section, we consider the stochastic version of above mentioned problem. Suppose
that U, ,...,U, are independent and identically distributed random variables defined on (0,1).

Consider again the line A, A, and mentioned moving particle. Suppose that the moving particle
goes from A, to A,. Then, it returns to A, where the length of A A, is U,a. That is, the
particle returns U, c. units. This possibility is shown in previous section.

Next, the particle moves form A, to A,such that the length of A,A;is U,U,a.By letting

U, =U, =...=1/2with probability one, the angle is divided to 3 equal parts. The location of
particle in n-th steps is given by

n Kk
S, =1+ Z(_l)kHUi .
k=1 i=1
Suppose that the expectation of U, is 2. One can show that
\ 1-(=4)"
E(S,) =1+ —u)f=1-— 2y
(S.) kzll( ) g M
Since 0 < u <1, then | (—x)" |goes to zero as n goes to infinity. Using the Monte Carlo method,

1 . o .
then, E(S,) converges to o As soon as faced with uncertainty in estimation of unknown
+ U

parameter, Monte Carlo method uses multiple values and averages the results.
If we suppose that U, is uniformly distributed on (0,1) then E(S,) converges to 2/3. In this way, the

angle is divided to 3 equal parts. If we suppose that U, has a beta distribution with parameter «, £ then

the limiting values of E(S,)is 0 i where 6 = a + 3.By choosing suitable values for «, g
a+

is

the angle can be divided every rational number. The rate of convergence of E(S,)to 1 L
+

(=0)".
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Next, suppose that for R realization of U,'s, i = 1, ..., n, we derive the S, ..., ST,

_ R
independently. The SLLN (Resnick, 2001) guaranties that S; = (1/ R)Z S, converges almost
r=1
surely to % as n, R goes to infinity. The following Table gives the values of gfor some
+ U

selected values of n and R=1000, under the uniform distribution, and the corresponding standard
deviations.

Table 1. Values of S,
n 10 25 40 70 100

s, 0577 |0.5633 |0.5258 |0.5087 |0.5012
stdev(S,) | 0-00758 | 0.00728 | 0.007547 | 0.00731 | 0.00727

4. Simulation.

In this section, it is surveyed, how simulation methods such as Monte Carlo approach
may be applied to divide an angle with parts in size of an arbitrary function of angle. To this
end, first, notice the following Remark.

Remark 1. The main idea of previous section was the use of Taylor expansion f(x) = ﬁ =

1—x+ x? —x3 + ---. In mathematics, taylor expansion of a function is an infinite sum of
terms that is expressed in terms of function dreivatives at a single point (Rudin, 1976). Solomon
(1991) proposed a simulation based method for approximation of infinite series. Here, first, his
i
method is applied to 2, G) and second it is extended for general functions. Then,
a geometrical method to divide an angle to three equal parts is given. First notice that
i . . .

24 G) =land Y2, (-2 = % Therefore,% =E (-1)N*1whereP(N = i) = 27},i > 1.
Notations E and P stand for mathematical expectations and probability functions, respectively.
Let U,'s be a sequence of independent and identically uniformly distributed random variables
on (0,1) and N is the first index such that Uy gets larger than 0.5. Then, P(N = i) = 27,i > 1.
Therefore, it is enough to generate uniform random variables and then find the first index such
that it goes beyond 0.5 and to find the average of (—1)N*1,

For general functions which is differentiable infinitely times, the Taylor expansion if given by
f(@) = flag) + 21 fO (o) (a — ap)'/i! =
= f(ao) + XZ1pi ai,

- ® )
where p; = ’l—'l and a; = %

Then, f(a) = f(ay) + E(ay). For example, for f(a) = e %, then f(a) = 1 + E(ay), where

a0=0,ai=

Following Solomon (1991) the point N is the first index at which Uy > Uy_4. The following
algorithm gives the geometrical approach, briefly.
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(a) Consider interior point ¢ from support f and derive the taylor expansion.

0] —ag)t
(b) Move for f(eap) and move in size of a; = % with probability of p; =

P(N =1i) = ':—Il Obtain m times of point N and take sample average of a;'s.

(c) To simulate N, notice that N is the first index at which Uy > Uy _4.

5. Conclusion

This paper studied the method for dividing an angle to equal parts. First, methods for
dividing angles to three equal parts are studied. After then, it is verified, how for a general
function of angle is done. Simulation methods and Monte Carlo computations play important
role in this part.

References

Elekwa, 1, O. (2011). Basic technology for junior secondary school. 2nd edition. Evans
Brothers: Nigeria.

Odogwu, H. N. (2015). New concept mathematics for senior secondary schools. Wiley: USA.
Resnick, S. 1. (2001). A Probability Path. Birkhauser: USA.
Rudin, W. (1976). Principles of Mathematical Analysis. McGraw Hill: USA.

Solomon, F. (1991). Monte Carlo simulation of infinite series. Mathematics Magazine, 64(3),
188-196. https://doi.org/10.2307/2691302.

21



Elementary Mathematics Education Journal 2023, Vol. 5, No. 1
ISSN 2694-8133

VYUZITIE TECHNOLOGIE ROZSIRENEJ REALITY PRI TVORBE
A RIESENI SLOVNEJ I’JLQHY Z MATEMATIKY STUDENTMI
UCITELSTVA PRE PRIMARNE VZDELAVANIE

Jana HNATOVA!
presovska univerzita v Presove, Pedagogicka fakulta (SR)
jana.hnatova@unipo.sk

Abstrakt

Technoldgia rozSirenej reality patri medzi moderné a Vv sucasnosti uz aj dostupné
technoldgie umoziujice zmysluplne vyuzivat inteligentné mobilné zariadenia (smartfony,
tablety) v pregradualnej matematickej priprave Studentov uéitel'stva pre primarne vzdelavanie.
Prispevok obsahuje zistenia ohl'adom inkorporacie tejto technologie do tvorby slovnych uloh
z matematiky a kvantifikuje dosiahnuta uroven zaclenenia technologie do spracovanych
vystupoV Studentov pomocou modelu SAMR.

KPucové slova: AR, matematicka edukacia, slovna uloha, rozSirena realita

UTILIZATION OF AUGMENTED REALITY TECHNOLOGY
IN CREATING AND SOLVING A MATHEMATICAL WORD PROBLEM
BY PRIMARY EDUCATION TEACHER TRAINEES

Abstract

The technology of augmented reality belongs among modern technologies that are currently
also available, allowing for meaningful utilization of intelligent mobile devices (smartphones,
tablets) in the pre-service mathematical training of primary education teacher trainees. This
contribution presents findings regarding the incorporation of this technology into the creation
of mathematical word problems and quantifies the achieved level of technology integration into
the processed outputs of students using the SAMR model.

Keywords: augmented reality, AR, mathematics education, word task

1. Uvod

Rozsirena realita (augmented reality, skr. AR) patri k modernym technologiam
umoziujicim v jednom obraze interaktivne prepajat’ realny a digitalny svet Vv Ciastocne
pohlcujucom zazitku. Pouzivatel'ovi poskytuje ,,vylepSeni* verziu zobrazenia realneho sveta,
ktora byva doplnena digitdlnymi vizualnymi prvkami, zvukmi ako aj d’al§imi moznymi
zmyslovymi podnetmi (Schmalstieg & Hollerer, 2016). V sti¢asnosti existuju rdzne systémy
AR detegujtce znacky (markers), projekénu plochu (projecton), polohu pouzivatel'a (location)
alebo skuto¢né objekty a scény (superimposition) a systémové volania na vopred definovany
obsah, ktory ma byt’ vo vyslednom obraze prekryty virtualnymi objektmi (Aggarwal & Singhal,
2019). Pomer medzi realnym a virtualnym svetom je vo vyslednom zobrazeni tvorenom AR
technologiou prikloneny k zobrazeniu realneho sveta (Milgram & Kishino, 1994).
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V odbornej literature mozno konstatovat’ konsenzus viacerych autorov (Azuma et al., 2001;
Dunleavy et al., 2009; Garzon, 2021), v definovani pozadovanych funkcii AR. Patria k nim
nutnost’ kombinacie digitalneho a fyzického sveta, presna 3D identifikacia a interaktivita
prebiehajica v redlnom case. Prave tieto moznosti spolu s aktudlnou finan¢nou dostupnostou
zariadeni podporujucich pracu s AR technoldgiou maju pozitivny dopad na jej Coraz CastejSie
vyuzivanie V roznych odvetviach l'udskej ¢innosti — priemysel, vyroba, zabava, reklama,
obchod, cestovny ruch, vzdelavanie. Na rozdiel od d’alSich imerzivnych technolédgii, AR
technologia zachytava existujlice prostredie pouzivatel'a (v naSom pripade Studenta ucitel'stva
pre primarne vzdelavanie), umoziuje mu bezprostredni komunikaciu a pripadnt spolupracu
s okolim bez toho, aby dochadzalo k jeho personalnej izolacii. K d’al$im najCastejSie
uvadzanym vyhodam patri pouzivatel'sky komfort, kognitivne zlepSenie matematického
vykonu sledované v dimenzii poznatkov i procesov a multisenzorické prezentovanie informacii
(Hnatova, 2023), ktoré vytvara jedine¢né vzdeldvacie podmienky a je samotnou podstatou AR.

V matematike je mozné s podporou AR priblizit' Ziakom a Studentom aj zlozitejSie a pre
nich abstraktné matematické koncepty (Salinas & Pulido, 2017; Thamrongrat & Law, 2019).
Technolégia AR podporuje u ziakov a Studentov rozvoj Specifickych schopnosti, ku ktorym
patri kreativita, kritické myslenie, rieSenie problémov, komunikacia a kooperacia (Dunleavy et
al., 2009), taktiez rozvoj matematického modelovania (Cahyono et al., 2020; Pridavkova, 2022)
majlce priamu vizbu na tvorbu a rieSenie slovnych tloh v Skolskej matematike.

2. Tvorba slovnej ulohy z matematiky s vyuzitim AR technologie

K zavedeniu pojmu slovnd uloha je mozné v sucasnosti pristupovat’ z pohladu viacerych
vednych odborov. V didaktike matematiky je slovna tloha chapana ako verbalny opis
problémovej situcie prezentovanej v ramci matematického vzdelavacicho prostredia, v ktorej
je polozena jedna alebo viacero otazok. Na tieto je mozné ziskat odpovede aplikaciou
matematickych operacii na ciselné Udaje dostupné v zadani tlohy alebo na udaje z nich
odvodené (Verschaffel et al., 2000). Z pohl'adu jazykového je mozné slovna tlohu chapat’ ako
slovne kodovanu tlohu, tj. wlohu formulovanii pomocou slov bez pouzitia matematickych
symbolov (Daroczy et al., 2015; Vondrova et al., 2019; Wang et al., 2016). V pripade su¢asného
pouZitia textového a obrazového materialu v zneni slovnej ulohy je dany obrazovo-vecny text
mozné oznacit’ pojmom multimodalny text. Vuznakova (2022) poukazuje na jeho nové rozmery
stuvisiace s digitalizaciou vzdelavacieho procesu. Zo psychologicko-pedagogického hladiska
je mozné slovnu ulohu popisat’ ako Specificky typ autentického modelového problému
rieSeného v realnom zivote (Verschaffel et al.,, 2020). Spolo¢nym menovatelom tychto
zavedeni kl'icového pojmu je fakt, Ze pri matematickych slovnych tulohach dochadza
K Strukturovaniu prvkov problémovej situdcie ajej naslednému rieSeniu S vyuZitim
matematického modelovania (Kaiser, 2017).

Slovné ulohy, vd’aka snahe o prepojenie s realnym zivotom, vzdy tvorili délezita sucast’
Skolskej matematiky. Preto je pochopitelnd pretrvavajica pozornost vyskumnikov o tuto
problematiku aj v stcasnosti. V oblasti primarneho vzdeldvania boli napriklad realizované
stadie zacielené na skimanie problémov stvisiacich s porozumenim obsahu (Daroczy et al.,
2015) alebo na systémové kognitivne a metakognitivne analyzovanie rieSenia elementarnych
slovnych tloh (Hnatova & Mokris, 2021; Kilpatrick et al., 2001; Liptak, 2022; Novakova, 2022;
Pridavkova, 2021). V zneni slovnej tlohy je podla viacerych autorov (Strohmaier et al., 2019;
Vondrova et al., 2019; Voyer, 2011) taktiez ziaduce rozliSovat’ viacero kategorii, ku ktorym
patria:

¢ informacie nevyhnutne potrebné k rieSeniu (solving information), tj. nalezité informacie

konkretizujuce Ciselné udaje do podoby vyjadrenia poctu/miery/frekvencie vyskytu
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predmetov/osdb /javov dolezitych pre matematické spracovanie nastoleného problému
Vv slovnej ulohe,

e situacné informacie (situational information) - umoziuju Ziakovi vytvorit’ si predstavu
0 kontexte, v ktorom je matematicky problém ukotveny, informacie sa tykaju aktérov,
skusenostného kontextu a témy konkretizovanej do ziakovi znameho prostredia, su
dolezité pre tvorbu redlneho modelu rieSenej situécie,

e vysvetl'ujice informacie (explanation information) konkretizuji vzt'ahy medzi Gdajmi,

su dolezité pre tvorbu matematického modelu,

e narativne informacie (superfluous) - s tvorené ostatnymi informaciami uvedenymi

V slovnej ulohe, ktoré mozno povazovat’ za nadbyto¢né, pricom Specifickym prikladom
nadbyto¢nych informacii v matematike st nadbyto¢né ¢iselné informacie.

K vysSie uvedenym kategoériam informacii je pre cielova skupinu nami sledovanych
participantov, tj. Studentov ucitel'stva pre primarne vzdelavanie, eSte ziaduce doplnit’:

e nekorektné informacie (incorect information), ktoré by sa nemali vyskytovat’ v zneni

vytvaranej slovnej ulohy kvoli ich zjavnej alebo skrytej chybovosti.

Pri zaradeni tejto kategorie do tvoreného systému informacii, ktorych nositel'om moze byt
slovna uloha, vychadzame z mozného pseudo-analytického postupu riesenia slovnych uloh
produkovaného ziakmi na primarnom stupni vzdelavania (Nunes et al., 2016). V nom Zziaci
vykazuji tendenciu vytvarat’ realny model nie z celého znenia tlohy, ale len z jeho vybranych
fragmentov, ¢o vyznamnym spdsobom negativne ovplyviiuje tvorbu matematického modelu,
jeho spracovanie anasledni interpretaciu vysledku. Tento postup bol prekvapivo

identifikovany aj u Studentov ucitel'stva pre primarne vzdelavanie (Hegarty et al., 1995;
Hnatova & Mokris, 2021).

3. Metodika vyskumu

V tejto Stadii bola vykonana analyza zdrojovych vystupov 90 Studentov magisterského stupna
vysokoskolského S§tadia v Studijnom programe Ugitel'stvo pre primarne vzdelavanie. Tvorba
vystupov prebiehala v akademickych rokoch 2021/22 a 2022/23 s ciel'om identifikovat”:

o preferencie studentov pri grafickom spracovani kategorizovanych informacii
vyskytujucich sa v matematickych slovnych tlohach,

e dosiahnutll uroven inkorporacie digitalnych technologii (v¢itane AR technologie) do
spracovania zdrojovych vystupov Studentov.

Preferencia spracovania kategorii informacii bola zistovana a vyhodnocovana deskriptivne
frekvenciou ich vyskytu v Studentmi vytvorenych slovnych ulohach. V tomto Setreni sa
pripustal vyskyt grafického spracovania aj viacerych typov informacii v jednej slovnej tlohe,
na druhej strane ale aj uplna absencia grafického spracovania podpory. Z tohto dévodu su
zistenia prezentované s vyuzitim absolutnej pocetnosti vztahujucej sa na celkovy pocet
Studentov vyskumnej vzorky a relativnej po€etnosti nimi spracovanych vystupov.

Dosiahnuti uroven inkorporacie digitdlnych technologii do spracovania zdrojovych
vystupov Studentov je mozné kvantifikovat pomocou S$tvoruroviiového modelu SAMR
(Puentedura, 2014, 2020).

V pripravnej aktivite bola studentom — buducich ucitelom elementaristom na seminari
predlozena uloha o mayskom kl'u¢i (Hnatova et al., 2021; Hnatova & Hnat, 2021), ktorej
sledovanym kognitivnym cielom bolo ,,objavit* teleso majuce vo volnom rovnobeznom
premietani zadané tvary podorysu (kruh), narysu (trojuholnik) a bokorysu (stvorec). Tato uloha
bola Studentmi prvotne riesena s moznostou vyuzitia im znamych digitalnych technologii.
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Po zozndmeni sa s moznostami vyuzitia AR technoldgie v matematickej edukacii, Studenti
rieSili modifikovani tlohu s vyuzitim dynamickej vizualizacie umoziujicej zobrazenie
vysledného telesa v 3D/AR. Nasledovala diskusia 0 moznych modifikaciach kontextu zadanej
ulohy, 0 moznych zmenach jej matematického obsahu (napr. zamena alebo zmena tvarov
priemetov hl'adané¢ho telesa) a o dopade tychto zmien na rieSitelnost’ tlohy v konkrétnej
cielovej skupine ziakov. Zaverom bola na studentov vznesena poziadavka samostatne vytvorit
slovnt tlohu s navrhom vlastného modelu mayského kl'ica. V tilohe bolo ziaduce dodrzat’
nasledujace pokyny:

e jasne, presne a terminologicky spravne formulovat’ autorské znenie slovnej ulohy

vCitane pokynu, resp. otazky, v pripade potreby doplnené o obrazovy material,

e spracovat’ (uplné) autorské rieSenie vytvorenej slovnej tlohy.

Vyber ciel'ovej skupiny a témy, do ktorej mala byt slovna tiloha implementovana, nebol
v pokynoch nijako obmedzeny, bol vsSak jednozna¢ne viazany na oblast matematickej
edukacie, resp. jej prieniky s d’alsimi vzdelavacimi oblastami. Taktiez pouzitie digitalnych
technologii pri tvorbe a spracovani autorského navrhu a rieSenia slovnej tlohy nebolo pokynmi
nijak limitované, zostalo plne v kompetencii Studentov a bolo zaloZené na baze dobrovolnosti.
Vystupy boli Studentmi odovzdavané elektronicky, administracia procesu bola zabezpeCovana
vzdelavacim systémom LMS Moodle. Studentom V fiom bolo umoznené, v pripade zaujmu
a potreby, diskutovat’ o aktualnych problémoch vznikajtcich pri tvorbe sledovaného vystupu
medzi sebou navzajom, pripadne aj s cvi¢iacim ucitel'om.

V kazdom z odovzdanych vystupov boli zistované a analyzované viaceré atribtty, medzi
nimi aj:

e dotknuta téma, resp. tematicka oblast’ z matematiky,

e jazykové, obrazové a obsahovo-vecné spracovanie slovnej ulohy,

e posudenie autorského rieSenia slovnej ulohy.

Ukazkou je nasledujica analyza vystupu, Ktory spracovala Studentka Cyntia.

Znenie slovnej tlohy:
., Vyber tu klucovu dierku, do ktorej zapadne tento kluc.

Kluc: Klucové dierky:

. ALI®
O
C. O

Rieienie:

Volba A nie je spravnym riesenim, pretoze vystupky kluca nie su v spravnom poradi.
Volba B je spravnym rieSenim, staci kluc otocit nadol po jeho dlhsej strane.

Volba C je tiez spravnym rieSenim, staci kluc otocit nadol po jeho kratsej strane.

V tomto vystupe bola spracovana tiloha uréend pre Ziakov 4. ro¢nika ZS (ISCED 1).
V ramci zvoleného matematického obsahu mozno tlohu priradit’ k obsahovému §tandardu SVP
pre primarne vzdelavanie Matematika - tematicka oblast’” geometria a meranie — priestorové
utvary a ich zakladné vlastnosti. Matematickym vykonom smeruje k poziadavke identifikovat’
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tvar podstav jednoduchych telies a vztah medzi vzorom a obrazom v ramci propedeutiky
zhodného zobrazenia v Es, ktorym vsak autorka prekraduje poziadavky dané SVP na primarne
vzdelavanie v matematike.

Uloha nesie charakteristiky testovej polozky. Jej zaradenie do didaktického testu na
primarnom stupni vzdelavania v printovej podobe v§ak nemozno odporacat’. Z ponuky troch
odpovedi, ¢o mozno povazovat za vhodne zvoleny pocet odpovedi vzhl'adom na cielovu
skupinu ziakov, Cyntia (spravne) oznacuje odpoved’ A ako jediny distraktor Glohy. Jednoznacne
ju tymto zaradzuje do skupiny poloziek s vyberom viacerych spravnych odpovedi. Z pohl'adu
pouzitych gramatickych kategorii je uvedeny pokyn (v akuzative nominativu miesto
v akuzative pluralu pojmu kl'acova dierka) pre ziaka maétici a neprispieva K jeho presnej
a jednoznacnej volbe ocakavanej spravnej odpovede. Terminologické vyhrady je taktiez
mozno vzniest’ k popisu hl'adania spravnej odpovede otocenim kl'i€a ,.po jeho dilhsej, resp. po
kratsej strane®. VhodnejSim sa z tohto pohl'adu javi popis ,,0kolo jeho dlhsej, resp. kratsej
podstavnej hrany.

Tieto obsahovo-vecné a formalne nedostatky st v protipdle SO spracovanim autorského
rieSenia wlohy s vyuzitim digitalnych technolégii. Studentka v fiom preukazuje schopnost
vizualizovat’ problém a jeho riesenie v 2D i 3D zobrazeni. Vizualizacia je spracovana v podobe
videosekvencie spracovanej s vyuzitim sw. GeoGebra Clasic 5 a znazorfujucej manipulaciu
s 3D modelom kl'uca.

> us A
wdll 2B 4=

Obrézok 1. Vizualizacia Studentského navrhu kI'i¢a a manipulacia s nim v 3D zobrazeni
p

Cyntia navySe pontka ziakovi — ucastnikovi elektronického testovania prakticka
manipulaéni pomocku priestorovej rotacie daného telesa okolo troch rota¢nych osi spracovanti
do podoby appletu podporujiceho zobrazenie 3D modelu v AR. Ziak moZe nepriamym
haptickym ovladanim (tj. ovlddanim pomocou dotykového displeja) na inteligentnom mobilnom
zariadeni (smartfon, tablet, notebook) kreovat' polohu telesa v Es (Obrazok 1). Cyntiou
spracovana elektronicka podpora degraduje povodne identifikovanu poziadavku mentalnej
rotacie telesa v Es na poziadavku urCenia zodpovedajuceho poradia rovinnych utvarov
prezentovanych podstavami jednoduchych telies tvoriacich kI'a¢. Propedeutikou tejto ¢innosti
V beznej praxi je vytvaranie otlacku peciatky na papieri. Preto mozno predpokladat’, Ze s takouto
manipulativnou ¢innost'ou ma ziak primarneho vzdeldvania uz konkrétnu osobni skusenost’.
Navyse, elektronické spracovanie appletu dovoluje Ziakovi pred vyberom spravnej odpovede
danu situaciu skiimat’, formulovat’ jednoduché hypotézy a nasledne ich aj prakticky verifikovat’.
Tym, za predpokladu systematického pristupu, nepochybne dochadza k podpore rozvoja
ziakovych badatel'skych zru¢nosti.
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4. Vyskumné zistenia

Postup realizacie vyskumného Setrenia ako aj v flom spracované vystupy Studentov
upozoriiuju na niektoré dolezité aspekty suvisiace s tvorbou slovnych uloh aich moznou
vizualizaciou v AR.

Podl'a naSich zisteni, pripravna aktivita zdsadne neovplyvnila Studentov v oblasti vyberu
cielovej skupiny, pre ktort bola nimi slovna tloha vytvarana. Vychadzajuc zo zamerania
Studentov Studujucich v magisterskom stupni Stidia na fakulte pedagogického zamerania
Vv Studijnom programe ucitel'stvo pre primarne vzdelavanie je logicky zddvodnitel'né, Ze ich
preferencie sa taziskovo rozlozili do dvoch trovni ISCED 1 (79 Studentov, tj. 87,78 %
vystupov) a ISCED 5 (11 studentov, tj. 12,22 % vystupov).

Na druhej strane, zvolend tematickd oblast’ pripravnej aktivity mala vplyv na vyber
tematickej oblasti, do ktorej Studenti po jej absolvovani fokusovali svoj vystup. Testovanie
preloZenia tdajov rovnomernym rozdelenim bolo realizované za pouzitia matematicko-
Statistického softvéru Statistica 12 neparametrickym y? testom zhody na hladine vyznamnosti
a = 0,05. Dosiahnuté hodnoty boli vyhodnocované na zaklade vypocitanej pravdepodobnosti
p. KedZe tato je mensia ako sledovana hladina vyznamnosti (K-S d = 0,3436; p(K-S) = 0,0000
< 0,05; Chi kv. = 10,7341; p(Chi kv.) = 0,0135 < 0,05) mozno povazovat’ uvedeny vplyv
pripravnej aktivity na vyber tematickej oblasti tvorby slovnej ulohy Studentmi za Statisticky
vyznamny. Pri grafickom zndzorneni pocetnosti vyberu jednotlivych tematickych oblasti
matematickej edukacie je badatel'né (Obrazok 2), ze temer polovica Studentov (41 Studentov,
tj. 45,56 % vyskumnej vzorky) si po absolvovani pripravnej aktivity zvolila pre vlastnt tvorbu
matematickej slovnej ulohy oblast’ stereometrie. Naopak len jeden $tudent sa rozhodol pre
vyber tematickej oblasti kombinatorika a Styria Studenti pre tematicki oblast’ aritmetika,
s ktorymi tato pripravna aktivita obsahovo-vecne nekorespondovala (Obrazok 2).

Histogram: Matematicka oblast Histogram: Graficky spracované informacie
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Obrazok 2. Preferencie tematickych oblasti Obrazok 3. Preferencie digitalneho
matematickej edukécie v Studentmi spracovania informacii v Studentmi
vytvaranych slovnych tlohach vytvaranych slovnych tulohach

Vychadzajac zo Studentmi preferovanych tematickych oblasti matematickej edukacie
(Obrazok 2) acielovej skupiny (ISCED 1), pre ktoru boli slovné ulohy ur¢ené, je snaha
Studentov prezentovat informdacie obsiahnuté v slovnych ulohdch s vyuZitim digitdlnych
technologii (v 139 pripadoch) pochopitel'na. Najvyssie zastipenie (n = 88, tj. 63,31 %
pripadov; 97,78 % vystupov) dosiahla kategoria informacii nevyhnutne potrebnych K rieseniu
slovnej ulohy (solving information). V 13 pripadoch (9,35 % pripadov; 14,44 % vystupov) sa
vSak Vv zneni alebo autorskom rieSeni slovnej ulohy vyskytla nekorektna (tj. nedostato¢ne
zadand, chybne zadana alebo chybne spracovand) informécia (Obrazok 3).
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V tvorbe slovnej tilohy a spracovani jej autorského riesenia bola taktiez deskriptivne sledovana
dosiahnuta uroven inkorporacie digitalnych technologii S vyuzitim Stvoruroviiového modelu
SAMR: substiticia (Substitution), augmentacia (augmentation), modifikacia (modification)
a redefinicia (redefinition) (Obrazok 4). Vsetci Studenti vyskumnej vzorky (n = 90) boli schopni
inkorporovat’ digitalne technologie do spracovania svojich vystupov, pricom najnizsiu pocetnost’
(5 Studentov, 5,56 % vystupov) dosiahla najnizSia Groven zaclenenia digitalnych technologii do
aktivity — substitiicia. Ta spociva v nahradeni doteraz vykonavanej ¢innosti ¢innost'ou s vyuzitim
digitalnych technolégii, aj ked’ bez pridanej funkénej zmeny (Puentedura, 2020). V praxi to
znamena, ze Studenti dosahujtci tato troven boli ochotni, resp. schopni napriklad spracovat’ navrh
a autorské rieSenie slovnej lohy na papier, odfotit’ ho a vo forméate obrazového materialu odovzdat’
do vzdelavacieho systému.

Modusom dosiahnutym v Studentskej tvorbe matematickych slovnych uloh je troven
augmentacie (n(X) = 41), ¢o v spojitosti s AR technologiou vypoveda 0 jej] moznom vyuziti
v podobe nosi¢a funkéného vylepSenia existujucich postupov, ktoré sa ale zaclenenim
technologie do aktivity zasadnym spdsobom nemenia (Puentedura, 2020). V praxi to znamena,
Ze Studenti dosahujuci uroven augmentacie (celkovo 45,56 % vystupov vyskumnej vzorky) st
schopni v ramci nimi prezentovanych digitalnych zru¢nosti vyhl'adat’ na webovych strankach
dostupné applety podporované AR technoldgiou a zapracovat’ ich do svojich aktivit. Napriek
absolvovanej vyucbe, vsak tito Studenti nie su ochotni alebo schopni takéto applety tvorit’ ¢i
modifikovat’. Vizualna podpora ich autorského rieSenia slovnej ulohy spocivala najcastejSie
Vv statickom spracovani obrazového materialu v niektorom z grafickych editorov do podoby
ocakavaného vysledku.

Histogram: SAMR
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Obrazok 4. Urovne modelu SAMR dosahované $tudentmi (n = 90)

V pripade dostupnej technickej podpory, vyberu uzivatel'sky prijemného softvéru, zaujmu
a aktivneho pristupu k obsahu vzdelavania vo vyberovom predmete zameranom na vyuZitie
digitalnych technolégii vo vyucbe matematiky, vSak dokazu aj buduci ucitelia — elementaristi
uspesne zvladnut' tvorbu jednoduchych dynamickych appletov s podporou AR technologie.
Tento fakt potvrdzuje 54,44 % vystupov Studentov vyskumnej vzorky, ktori pri tvorbe slovnych
uloh a ich autorskych rieSeni preukazali dosiahnutie transformaénych trovni modelu SAMR.
Na arovni modifikacie (22 $tudentov, 27,22 % vystupov) bola v ich vystupoch obsiahnuta
vlastnd tvorba multimediadlnych podpornych zdrojov, ku ktorym st zaradzované napriklad
vystupy vyuzivajiuce 3D zobrazenie dané¢ho problému alebo situacie. V pripade redefinicie bol
vystup Studentov (22 Studentov, 27,22 % vystupov) redlne spracovany AR technologiou do
podoby appletu, videotutorialu, nelinearne Struktirovane; multimedidlnej prezentacie resp.
interaktivneho elektronického zosita.
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Kategorizované rozdelenie vystupov prezentuje moznosti porovnania pocetnosti
V jednotlivych trovniach vzhl'adom na vybrané tematické oblasti (Obrazok 5).

NaznacCuje mozné dosahovanie najvysSicho stupna implementacie (tj. redefinicie)
v geometrii, ateda preddikuje aj vhodnost’ vyuzivania AR technoldgie prave v tejto oblasti
Skolskej matematiky. Overenie tvrdenia z matematicko-statistického hl'adiska vSak vyzaduje
navysitt pocet vystupov tak, aby boli splnené podmienky pouzitia zodpovedajucich
kvantitativnych metdd spracovania udajov. Tymto je dany jeden zo smerov naSej d’alSej
vyskumnej ¢innosti v tejto oblasti.

Kategorizovany histogram: Preferovana matematicka oblast x SAMRE
20
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planimetria konstrukcna geometria rekreacna matematika ERISAMR: redefinition

Obrazok 5. Studentmi preferované tematické oblasti tvorby slovnych tloh kategorizované v
arovniach modelu SAMR

5. Zaver

Inkorporacia technoldgii do matematickej edukacie ma svoje vyhody i uskalia. Tvorba
slovnych tloh z matematiky podporovana AR technoldogiou bola Studentmi prijata pozitivne
v zmysle ponukaného komfortu, novosti a zabavy pri jej pouziti vo vyucbe. Diskomfort
nastupoval v situaciach, ked mala zabava ustupit’ samostatnej ¢innosti stvisiacej s tvorbou
pozadovanych vystupov, pri zlyhavajiacej funkénosti technologie sposobenej subjektivnymi
alebo objektivnymi, technickymi alebo softvérovymi podmienkami.

Pri zaclenovani AR technoldgie do vyucby je ddlezity vyber a realizacia pripravnych
aktivit. Tie, podl'a nasich zisteni, zanechavaju v Studentoch stopu ,,vzoru“ a mézu na nich pri
nasledne pozadovanej tvorbe vystupov pozitivne (predpokladame vSak, Ze aj negativne)
vplyvat'.

Dosiahnuti uroven implementacie technologie do danej ¢innosti je mozné kvantifikovat’
vyuzitim teoretického rdmca poskytovaného modelom SAMR (Hnatové, 2022; Lacruz, 2018).
Pri naSom pedagogickom ataku bola vo vystupoch Studentov v najvacsej pocetnosti
identifikovanad dosiahnuta Groven augmentacie, tj. rozSirenia zaclenenia AR technologie do
tvorby slovnych uloh v matematike. Statisticky vyznamnu poéetnost’ pri vybere tematickej
oblasti, v ktorej bola studentmi slovna tuloha z matematiky vytvarana, dosiahla oblast
stereometrie. V nej bola zaznamenana aj najvyssia pocetnost’ Studentov dosahujticich najvyssi
stupent zaclenenia technoldgie — uroven redefinicie. Tento fakt je povzbudivym prikladom
moznej inkorpordcie AR technologie do pregradudlne; vyucby budacich ulitelov —
elementaristov (nielen) v matematicke;j edukacii.
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ZAMYSLENI NAD PRAVIDLY SOUTEZE MATEMATICKY KLOKAN
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Abstrakt

Clanek se zamysli nad pravidly soutéZe Matematicky klokan, podle kterych sout&Zici
vstupuje do soutéze s 24 body (v kategoriich Klokanek, Benjamin, Kadet, Junior a Student),
resp. s 18 body (v kategorii Cvrcek), pficemz za kazdou nespravnou odpovéd’ se 1 bod odc¢ita.
Podle téchto pravidel muze soutézici bez jakékoliv snahy ulohy fesit ziskat vice bodu nez zak,
ktery se bude o spravna feseni intenzivné pokouset. Ukolem uéitele je tedy pokusit se zaky
motivovat k aktivnimu piistupu k soutéZi a tim rozvinout jejich logické mysleni. Clanek by
mohl poskytnout pravdépodobnostni zazemi k tomuto ukolu. UkaZzeme mimo jiné, s jakou
pravdépodobnosti je mozné pii ndhodném tipovani vysledku ziskat naptiklad 12 bod.

Kli¢ova slova: Matematicky klokan, logické mysleni, pravdépodobnost.

THOUGHTS ON THE RULES OF THE MATHEMATICAL KANGAROO
COMPETITION

Abstract

The paper is focused on the rules of the Mathematical Kangaroo competition. A contestant
enters the competition with 24 points (in the Ecolier, Benjamin, Cadet, Junior, and Student
categories) or 18 points (in the Pre-Ecolier category), with 1 point deducted for each incorrect
answer. According to these rules, a contestant who does not show effort to solve the problems
can get more points than a student who tries hard to find the correct solutions. The teacher's
task is to motivate the students to actively approach the competition and thus develop their
logical thinking. The paper could provide a probabilistic background to this task. Among other
things, we will show with what probability it is possible to get, for example, 12 points when
randomly guessing.

Keywords: Mathematical Kangaroo, logical thinking, probability.

1. Uvod

Nejstar§i predmétovou soutézi v CR je Matematicka olympiada, ve $kolnim roce
2022/2023 se konal jiz jeji 72. ro¢nik. Mezinarodni matematickd olympiada je pro nejlepsi
teSitele nejvyssi kategorie A (ur€end maturitnim a predmaturitnim ro¢nikiim) pofadana od roku
1959 (Matematicka olympiada, 2023). Matematické olympiady se tuCastni zpravidla
nejtalentovangjsi zaci, jedna se o pomérné narocnou soutéz, ktera od ucastnikli vyssich kategorii
vyzaduje 1 peclivou pfipravu.

Za méné narocnou matematickou soutézi, do které se mize zapojit vétsi pocet matematicky
zdatnych zakl 2. stupné zakladnich Skol a pfislusnych ro€nikii viceletych gymnazii, miZeme
povazovat Pythagoriadu. Ve Skolnim roce 2022/2023 probéhl jeji 45. ro¢nik (Pythagoriada, 2023).
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Matematickou soutézi, ktera si klade za cil zapojit pokud mozno vSechny zaky od 2. tfidy
zakladni Skoly az po maturitni ro¢niky stfednich Skol, je Matematicky klokan. Jedna se
o mezinadrodné koordinovanou soutéz potradanou od roku 1991, ktera byla inspirovana
obdobnou australskou matematickou soutézi (Wikipedia, 2023), proto je v nazvu soutéze
klokan. Ceskd republika se do souté’e Matematicky klokan zapojuje od roku 1995
(Matematicky klokan CR, 2023).

2. Zajimava pravidla

Pfipomeinime si nejprve strucné pravidla soutéze Matematicky klokan (Matematicky klokan
CR, 2023). Soutézi se v 6 kategoriich:

e Cvréek: 74ci 2. a 3. ro¢niku ZS,

e Klokanek: 74ci 4. a 5. roéniku ZS,

e Benjamin: 7aci 6. a 7. ro¢niku Z8S,

e Kadet: 7aci 8. a 9. ro¢niku ZS,

e Junior: studenti 1. a 2. ro¢niku stiedni Skoly,
e Student: studenti 3. a 4. ro¢niku stfedni Skoly.

Studenti viceletych gymnazii soutézi ve vekoveé adekvatnich kategoriich (naptiklad student
2. ro¢niku Sestiletého gymnazia soutéZi v kategorii Kadet). Ugastnici soutéZe v kategorii Cvréek
fesi 18 uzavienych tloh (6 aloh za 3 body, 6 uloh za 4 body a 6 tloh za 5 bodt). Ugastnici
ostatnich kategorii fesi 24 uloh (8 loh za 3 body, 8 iloh za 4 body a 8 tloh za 5 bodu).

U kazdé ulohy si soutézici muze vybrat z 5 nabizenych odpovédi, pficemz pravé jedna je
spravna. Za kazdou spravné zvolenou odpoveéd’ ziskdva soutézici piislusny pocet bodi (tedy 3,
4 nebo 5). Pokud zvoli nespravnou odpovéd’, jeden bod se mu odecita. Pokud soutézici nezvoli
zadnou odpovéd’, na jeho bodovém zisku se to neprojevi.

Pti vstupu do soutéze ziskava kazdy ticastnik prave tolik bodi, kolik fesi tiloh. To znamena,
Ze Ucastnici kategorie Cvrcek dostavaji na zacatku 18 bodl a Gicastnici ostatnich kategorii boda
24. Nejhorsi mozny dosazeny vykon je tak ve vSech kategoriich 0 bodl. Naopak nejlepSim
moznym vysledkem v kategorii Cvréek je zisk 90 bodt, u starSich kategorii je to pak 120 bodd.

Piedchozi pravidla jsou zajimava, unikatni a jsou samoziejmé pro vSechny (v ramci
jednotlivych kategorii) stejnd. Nicméné podle téchto pravidel miize dojit k relativné
paradoxnimu jevu, kdy soutéZzici bez jakékoliv snahy Glohy fesit ziska vice bodl nez zak, ktery
se bude o spravna feSeni intenzivné pokouSet. Nahlédnéme nyni do statistik uvedenych ve
sbornicich soutéze (Matematicky klokan CR, 2023). Tabulky 1 a 2 ukazuji poéty ticastniki
Vv jednotlivych kategorii a dale pocet soutézicich, ktefi ziskali stejné nebo mén¢ nez soutézici,
ktery se spokoji se vstupnimi body (tj. 18 v kategorii Cvréek a 24 v ostatnich kategoriich)
a o feSeni prikladi se ani nepokusi.

Pokud si tuto situaci zak, ktery ziskal méné bodi, neZ se kterymi do soutéze vstupoval,
uvédomi, mize pfisti rok na feSeni Gloh rezignovat, coZ samoziejmée neodpovida cilim soutéze
Matematicky klokan.

Zajima nas, zda k takovému rozhodnuti u zakid dochazi. Na zaklad¢€ grafli znadzoriiujicich
bodové vysledky v jednotlivych kategoriich a ro¢nicich uvedenych ve sbornicich soutéze
Matematicky klokan (Matematicky klokan CR, 2023) je mozné se domnivat, Ze takovych zaki
ptiliS nebude, protoze bodovy vysledek 24 bodu (resp. 18 bodl) v piislusnych grafech
nevykazuje vétSich anomalii. To je velmi pozitivni zjiSténi. Existuje zfejmée vice divodi, proc¢
ze strany zakl k takovému jednani nedochézi, naptiklad:
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Tabulka 1. Cvréek, 2013-2022

Celkovy pocet soutéZicich | Pocet soutézicich Pocet soutézicich
S maximalné 18 body S maximalné 18 body v %
857 168 65 410 7,6

Tabulka 2. Klokanek — Student, 2013-2022

Kategorie Celkovy pocet Pocet soutézicich Pocet soutéZicich
soutézicich S maximalné 24 body | S maximalné 24 body v %

Klokéanek 869 591 48 108 55

Benjamin 637 203 67 642 10,6

Kadet 546 244 56 994 10,4

Junior 136 564 12 108 8,9

Student 64 738 6 620 10,2

e Ztabulek 1 a 2 je patrné, Ze starSich kategorii se Ucastni méné¢ soutézicich nez
v kategoriich Cvréek a Klokanek, coz koresponduje s tim, Ze na mnoha Skolach ucitelé
do soutéze Matematicky klokan bohuzel posilaji jen matematicky nadanéjsi zaky, od
kterych lze o¢ekavat vysledek piekonavajici hodnotu vstupnich bodu.

e Pro zdky to miize byt vyzva: ,minuly rok jsem hodnotu vstupnich bodii neptekonal,
letos se o to pokusim®.

e Zici si nedovoli o feSeni se nepokusit a odevzdat nevyplnéné zadani uloh.

e Ucitelé odvadéji kvalitni praci a k aktivni UcCasti na soutézi Matematicky klokan se jim
dafi Zéky motivovat.

Domnivame se, Ze pro motivovani zakl je dobré mit mimo jiné piehled o pravdépodobnostech
pii nahodnych volbach odpovédi na ukoly, k ¢emuz slouzi ptiklady z nasledujici kapitoly.

3. Pravdépodobnosti
Podle strategie feSeni miizeme hovotit o téchto typech soutézicich:

e Pasivni soutézici: Glohy nefe$i a ani nehdda jejich feSeni, jeho vysledek odpovida
hodnot¢ vstupnich bodt (tj. 18 v kategorii Cvréek a 24 v ostatnich kategoriich).

o Tipujici soutéZici: ulohy nefesi a feSeni pouze hada, muze ziskat 0 - 90 bodi v kategorii
Cvréek nebo 0 — 120 bodu ve vyssich kategoriich.

o Aktivni soutézici: snazi se vyfesit vSechny ulohy, muze ziskat 0 - 90 boda v kategorii
Cvrcek nebo 0 — 120 bodl ve vyssich kategoriich.

Strategie ostatnich soutézicich je mozné povazovat za kombinaci piedchozich zdkladnich
kategorii.
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Priklad 1. Jaka je pravdépodobnost, ze tipujici soutéZici v kategorii Cvrcek ziska plny pocet
bodu?

B At 118 _ -13
Resent: P = (E) ~2 62141013,

Priklad 2. Jaka je pravdépodobnost, Ze tipujici soutézici v kategorii Klokanek ziska plny
pocet bodii?

L, 1\24 _ ~17
Reseni: P = (E) ~1,6777-10"17,

Priklad 3. Jaké je pravdépodobnost, Ze tipujici soutézici v kategorii Klokanek ziska 118 nebo
vice bodi?

Reseni: Ve skute¢nosti soutézici vzhledem k bodovani piikladti nemize ziskat ani 118, ani
119 bodi. Reseni Prikladu 3 je tak stejné jako feSeni Ptikladu 2, tj. hledana pravdépodobnost

je P= (%)24 ~1,6777 1017,

Priklad 4. Jaké je pravdépodobnost, Ze tipujici soutézici v kategorii Klokanek zisk4 116
bodt?

Reseni: SoutéZici musi uhddnout spravné viechny tilohy s vyjimkou jedné tiibodové. Jelikoz
tiibodovych uloh je 8, hledana pravdépodobnost je

23

st-f-(—) = 5,36871- 10716
5 \5/ —7 '

Priklad 5. Jaka je pravdépodobnost, Ze tipujici soutézici v kategorii Klokanek ziska 0 boda?
C 24

Reteni: P = (5) = 0,00472.

Priklad 6. Jaké je pravdépodobnost, Ze tipujici soutézici v kategorii Klokanek ziska 12 bodi?

Reseni: Soutézici mize 12 bodi ziskat dvéma zplisoby:
e Uhodne fesSeni 3 loh za 3 body a k tomu mu ziistanou 3 vstupni body. Odpovidajici

3 21
pravdépodobnost je Py = (g) . G) . (g) = 0,004132.
e Uhodne feseni 2 uloh za 5 bodl a k tomu mu zlstanou 2 vstupni body. Odpovidajici
2 22
pravdépodobnost je P, = (g) . G) . (g) = 0,008264.

Soutézici tak mize ziskat 12 bodi s pravdépodobnosti P = Py + P, = 0,01240.

Priklad 7. Jaka je stfedni hodnota ndhodné veli¢iny X: ,,pocet bodl ziskany za tfibodové
ulohy tipujicim soutézicim v kategorii Klokanek*?

Reseni: Tipujici soutéZici v priméru uhadne 8 - 0,2 = 1,6 odpovédi na téfbodové ulohy, za
které ziska 1,6 - 3 = 4,8 bodt a k tomu mu ziistane 1,6 vstupnich bodt. Odtud

E(X) =48+ 16 = 64
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Priklad 8. Jaka je stfedni hodnota ndhodné veliiny X: ,,pocet bodl ziskany za ¢tyfbodové
ulohy tipujicim soutézicim v kategorii Klokanek*?
Reseni: Tipujici soutézici v priméru uhadne 8 - 0,2 = 1,6 odpovédi na étyibodové tilohy, za
které ziska 1,6 - 4 = 6,4 bodl a k tomu mu ziistane 1,6 vstupnich bodu. Proto
E(X)=64+16=38.

Priklad 9. Jaka je stfedni hodnota ndhodné veli¢iny X: ,,poCet bodu ziskany za pétibodové
ulohy tipujicim soutézicim v kategorii Klokanek*?
Reseni: Tipujici soutéZici v praiméru uhadne 8 - 0,2 = 1,6 odpovédi na pétibodové tilohy, za
které ziskd 1,6 -+ 5 = 8 bodl a k tomu mu zistane 1,6 vstupnich bodt. Tudiz
E(X)=8+16=9,6.

Priklad 10. Jaka je stfedni hodnota ndhodné veli¢iny X: ,,pocet bodi ziskany za vSechny
ulohy tipujicim soutéZicim v kategorii Klokanek*?
Reseni: Z feseni Piiklada 7-9 vyplyva, Ze piislusna stiedni hodnota je
E(X) =64+ 8+9,6 = 24,

tedy je rovna hodnot¢ vstupnich bodu.

4. Zavér

Podle piedchozich piikladti je mozné doporucit nasledujici strategii pro ulohy, které
soutézici neumi vyfesit: tipovat feseni pétibodovych tloh a u téch tiibodovych se spokojit se
vstupnimi body. Jedna se samoziejmé o ,.statistickou* radu, n€kdy bude jisté lepsi, kdyz
soutézici da na svou intuici.

Soutéz Matematicky klokan obsahuje zajimavé a pékné tlohy, které prispivaji K rozvoji
kombinatorickych a logickych schopnosti zaka (1. stupné). Je vyborné, pokud ma zak (i ten
méng talentovany na matematiku) radost z nekteré tispé$né vytesené tlohy.
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Abstract

This study aims to gather information regarding the cognitive processes of 11th-grade
students when constructing the concept of fractions using visual representations such as circles,
rectangles, and number lines. A qualitative descriptive research approach was employed by the
researcher. The data collection process began with a questionnaire consisting of 15 questions
divided into five types, each type focusing on circles, rectangles, and number lines.
Subsequently, students were interviewed to reinforce their answers. The collected data,
comprising performance results and interviews, were analyzed to understand the students'
thinking processes. The findings of this study revealed that the thinking process of 11th-grade
students in understanding fractions through visual representations involved the assimilation and
accommodation processes. It was observed that student S1 effectively employed assimilation
in constructing the concept of fractions, while student S2 demonstrated a relatively good
understanding using the accommodation process. However, student S3 struggled with the
process of accommaodation, resulting in a lesser degree of understanding.

Keywords: thinking process, constructing, concept of fractions, representation

1. Introduction

In learning mathematics, thinking is a very important cognitive activity. The success of
learning mathematics is influenced by thinking ability. Thinking is the result of students'
cognitive activities in solving problems and this can be seen through the behavior and results
of student performance (Prayitno et al., 2018). There are several researchers who have
examined the importance of thinking in mathematics. From the results of the studies, it was
obtained the characteristics of thinking errors and the types of students' thinking processes in
solving problems (Subanji & Nusantara, 2013; Subanji & Supratman, 2015). Thinking is
a cognitive activity in which the activity occurs through a process. Supriadi et al (Supriadi et
al., 2015) has studied the thinking process and reveals that in the thinking process there is the
formation of understanding, the formation of opinions and the drawing of conclusions. The
thinking process is a cognitive process that begins with receiving data, then encoding it and
storing it in memory, then the data will be retrieved when the individual needs it in the next
data processing (Siswono, 2007). Meanwhile, according to Prayitho & Suarniati (2017) the
process of thinking is the mental activity carried out by students in solving problems and it can
be seen from students’ behavior which appears to be the result of completing tasks. In this study,
the researcher defines the process of thinking as the course of a cognitive activity that can be
observed through answers, student work, and the movements of a person in working on or
solving a problem or question. In one's thinking process, there is a process between incoming
new information and schemas, thus the incoming information will be adjusted to the
assimilation and accommodation process (Simatwa, 2010; Subanji & Supratman, 2015).

37



Elementary Mathematics Education Journal 2023, Vol. 5, No. 1
ISSN 2694-8133

The assimilation process is a cognitive process in which a person combines or integrates
new perceptions, concepts or experiences into the schemes or pattern in his mind. While, the
accommodation process refers to a process in which a person combines or unifies new stimuli
through changing old existing schemes (internal structures of knowledge) to adapt to existing
problems (Subanji & Supratman, 2015). According to Piaget, the assimilation and
accommodation process the ways through which children integrate new experiences into
already existing cognition structures (schema) and later will form a new scheme (Gembong,
2016). In this case, when someone is in the process of learning to gain an understanding of
a knowledge, he will try to renew or alter his existing understanding or experience with the new
one by assimilating into existing schemes or reconstructing these schemes to accommodate this
knowledge (Hackenberg, 2010).

Mathematics learning is heavily influenced by the philosophy of constructivism which
emphasizes that knowledge is formed (constructed) from oneself. Several researchers have
examined topic related to the term ‘construction’ and on how individuals can construct the
concept. From the results of this study, the researcher explained that information processing
theory is used to construct a concept or knowledge (Subanji, 2017). Information processing
theory explains the construction of knowledge, from entering information, filtering, processing,
storing, to recalling or retrieving information in knowledge storage. A lot of information (in the
form of external stimulus) show up every time and is selected through sensory memory.
Unimportant information will be ignored (forgotten), while important information will be
continued to the short-term memory and being processed by utilizing (calling up) information
in the long-term memory. There are 4 (four) results of information processing, the continuation
of short-term memory, namely: (1) the results of processing that are not important will be
forgotten, (2) the results of processing that are very important and have not been completed in
processing will be repeated, (3) the results of processing that are action is needed, a response
will appear, and (4) the results of information processing that have been completed are coded
and stored in long-term memory.

In the learning application, fractions require a deeper understanding. This understanding is
obtained from learning whole numbers, because fractions are numbers that can be represented

by a pair of whole numbers %, where b # 0 (Musser et al., 2013; Siegler et al., 2013). Learning

and understanding related to the concept of fractions has started since elementary school.
However, students do not really understand the concept of fractions because they are still in the
first stage of learning, namely memorization. This can be seen when students mentioned the
concept of fractions symbolically, yet they were unable to express the meaning of the symbols
(Permadi & Irawan, 2016). It can be said that learning fractions is difficult for children in
general. In line with Tung-Pekkan statement (2015) that fractions are perceived as one of the
most difficult lessons in mathematics to learn in all countries. As can be seen, the results of the
US National Assessment of Educational Progress (National Assessment of Educational
Progress (NAEP), 2007) study reported that 60 % of 4"gradestudents could not determine

whether i was greater than % and half of 8th-grade students did not choose the correct option

when ordering three fractions from least to greatest. In addition, the TIMSS Numeracy 2015
results (which are only related to the concept of fractions) showed that Indonesian students’
ability regarding the concept of fractions is relatively low because only 42.67 % of students
answered correctly comparing to the international level, namely 47.33 %. The results of
Indonesian students are lower than the percentage of students' correct answers in countries with
a TIMSS score below Indonesia, namely Jordan (TIMSS score of 388) of 46.7 % and South
Africa (TIMSS score of 376) of 48.72 %.
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There are several factors that make fraction so difficult concepts to learn, namely the
sub-constructs (Pantziara & Philippou, 2012). Sub-constructs refer to knowledge pieces to
understand how a fraction problem can be solved (Tung¢-Pekkan, 2015). To construct the
concept of fractions, there are five interrelated sub-constructs, namely part-whole, ratio,
measure, operator, and quotient (Charalambous & Pitta-Pantazi, 2007). In this study,
researchers focused on two subconstructs to find out students' thinking processes, namely the
part-whole and measure subconstructs. The part-whole sub-construct can be used to identify
units and common fractions while the measure sub-construct can be used to construct ordinary
fractions, reconstruct units from their parts or mixed fractions, and create and identify the
number of mixed fractions (Tung¢-Pekkan, 2015).

In forming the fractional scheme and its operations, (Hackenberg, 2013; Izsak et al.,
2008) summarized into 5 schemes, namely 1) Parts-within-wholes fraction scheme in which
there is only partitioning operations observed and the result of the parts might not be equal.
This scheme is used to identify fraction symbols for the already partitioned and shaded drawings
of pie charts, without attending to the parts being equal. 2) part-whole fraction scheme, where
this scheme is used to arrange fractions by dividing the whole into equal parts. Then taking
a part out of a whole without mentally destroying the whole to make up the fraction. 3) Partitive
unit fraction schemes, this scheme is used to determine the units of the unit fractions that have
been given, by partitioning the shape into some equal parts, then takes one of the partitions, and
iterates it to make the whole. 4) Partitive fractional scheme, this scheme is used to determine
the genuine fraction of the whole that has not been divided. By dividing the genuine fraction to
get the units fraction. It then repeats the unit fraction to create the genuine fraction and the
whole. Repetition in this scheme is only limited to all parts. 5) iterative fractional scheme, this
scheme is used to complete the formation of ordinary fractions and mixed fractions by dividing
the same parts so as to produce unit fractions and then repeating them to determine the whole
and units of the fraction.

Several researchers have studied fractions, including Pekkan (2015b) who studied
elementary school students' knowledge of fractions represented in circles, rectangles and
number diagrams. Six-hundred and fifty-six 4th and 5th grade students took the test on Pekkan
study (2015b) and were given six fractional Problem Types (a total of 18 questions). The
findings of this study indicated that students showed similar performance in circle and rectangle
items that required using part-whole fractional reasoning, but students’ performance was
significantly lower on the items with number line graphical representation across the Problem
Types used. Pekkan's study (2015b) focused his research on students' knowledge of fractions.
However, one limitation on research conducted by Pekkan (2015b) was that "... further research
iIs needed for understanding children's construction of (especially) the number line
representation in the fractional knowledge context”. This means that it is still necessary for
research related to constructing the concept of fractions represented via a number line. Pekkan's
research (2015b) used quantitative research methods which only explained the percentage of
students' knowledge related to fractions without explaining the causes of the problem.
Therefore, qualitative research methods were used in this study.

Based on the description above, it can be seen that learning the concept of fractions is
a difficult lesson and requires more understanding and further studies are still needed related to
Pekkan's research (2015b). Therefore, describing the thinking processes of class XI students in
constructing the concept of fractions represented by circles, rectangles and number lines
becomes the aim of this study.
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2. Research Method

To be able to answer this research objective, this research uses a qualitative descriptive
research approach. The subjects in this study were 3 students of class XI, in which the subject
was taken based on the subject's willingness to join the research and had learned the concept of
fractions. The instrument in this study was adopted from the Pekkan (2015b), namely An
Analysis of Elementary School Children's Fractional Knowledge Depicted with Circle,
Rectangle, and Number Line Representations. This research instrument only took four of the
six types of questions including the arrangement of fractions, the reconstruction the unit from
unit fractions items, the naming of mixed fractions, and the reconstruction of units from mixed
fractions items. Each of these types of questions has 3 questions items which include
representations of circles, rectangles and number lines. The questions given to students are as

follows:
Table 1. Research Instruments

Questions

Answer Explanation

If this ‘ circle is the unit,

Please draw a picture to show % of this
unit.

If this rectangle is the unit,

Please draw a picture to show Z of this
unit.

2 .
Place Fon the number line.

—t—>
0 1

If this picture is % of an amout,

please draw the picture of that

amount. (It does not have to
be the full circle)

If this picture is i of an amount.

please draw the picture of
that amount.

Place “1” on the number line.

< | |
) 1

0

v

W =

‘ If this circle is the unit,

what would be the fraction shown by the
shaded parts of the diagrams below?

LS

If Rectangle A (upper rectangle) is the unit,
what fraction does Rectangle B (bottom
rectangle) show?

A

« LTI

40



Elementary Mathematics Education Journal 2023, Vol. 5, No. 1
ISSN 2694-8133

3 :
Place Zon the number line

+—t—t—————1>
0 1 2 3 4

If this circle shows g

Place draw the unit.

- Please show the unit.

Place “1” on the number line

< |

0

If this rectangle shows %.

v

Gl =
viloy I~

To collect the data, the researchers administered research instruments in the form of
questions to 3 class XI students which are completed within 30 minutes. While writing answers,
the three students were interviewed to strengthen or clarify their answers. Then the results of
students work and interviews are used to describe and explain students' thought processes in
constructing the concept of fractions which are represented by circles, rectangles, and number
lines. The qualitative data that has been obtained will be analyzed using the stages of analysis
developed by Creswell (2009).

3. Result And Discussion

Result
The data described is the result of student work. The following is the result of student work
in solving the 12 questions given.

Composing Fractions

The thinking process of S1, S2, and S3 in composing fractional numbers which are
represented by circles, rectangles, and number lines begins by reading the questions that have
been given. After reading the questions, students understand the problem and retrieve the concept
of composing fractions that has been studied before. The following is the result of S1's work.

aknl | memb»{c&

satuan, +anN
Jort ([ ng Ec
@ e T
q bogion an % Of;

+ervel=u+ darstr .

Jika gambar lingkaran berikut adalah % kafena gam‘ﬂf' 3/4

Buatlah gambar yang menunjukkan %

dari satuan tersebut.
i i panjang berikut Farenq fr’ /G
Jika gambar persegi panjang beri n’?Zh\

Wi iy it "5199'
W s e

adalah satuan,

Buatlah gambar yang menunjukkan ¢ B a@

dari satuan tersebut.

gatena mfa
3/5 maka nlal 1/5
bilangan dibawah ini. arlefatkan p

L . . loncad-an. L 2
< t t > T Y

0 1 o K !

Tunjukkan letak angka% pada garis

Figure 1. The results of S1's task
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Based on the results of S1's task, it can be seen that S1 correctly performed the unit
problems by giving a fraction symbol for the shaded representation for circle and rectangle
problems respectively. For questions that were represented by circles, S1 described a circle by
dividing into 4 equal parts where 3 parts are shaded to shows the numerator and the sum of all
the parts is the denominator. Not much different from the previous problem, for the rectangle
item, he described a rectangle with the same 6 parts where 5 of the parts are shaded as the
previous problem. Whereas for the number line item, a fraction symbol was asked for the

indicated point on a number line. S1 was putting ; between % and 1 where the 0-1 interval was
partitioned equally with marks. Here are the results of S2 task as follows.

Jika gambar lingkaran berikut adalah .
satuan, Karena pace
‘ seal, pacla” Pembilay
m Ql‘\lnjukk an 3

‘////' ljas‘,an C’an [‘U—

. 3
Buatlah gambar yang menunjukkan = nypb._,{' nervp [can
dari satuan tersebut. bﬂ{j Jar h( e luruk an,
Jika gambar persegi panjang berikut T 7 Harena ﬂr\gk a &
adalah satuan, 417 i sebagai pembilany
: ; 5 mc(-,-\m‘)u."‘ ¥an Itﬂjmn
yang  oharsr dan
7 2z
Buatlah gambar yang menunjukkan -:- Pmei\an (6) meru
. dkan daerak
dari satuan tersebut. keseluruhan,
Tunjukkan letak angka g pada garis Harepa |ara k
bilangan dibawah ini. anlara O Sampail
< } +—T+4 | } > 0./7 .,/ Jr(’rbag; mGnJG'G(t'
0 y 2/3 1= % 30/ 2 kot gian.

Figure 2. The results of S2's task

Based on the results of S2's task, it can be seen that S2 correctly performed the unit
problems by giving a fraction symbol for the shaded representation for circle and rectangle
problems respectively. For questions that were represented by circles, S2 described a circle by
dividing into 4 equal parts where 3 parts are shaded to shows the numerator and the sum of all
the parts is the denominator. Not much different from the previous problem, for the rectangle
item, he described a rectangle with the same 6 parts where 5 of the parts are shaded as the
previous problem. Whereas for the number line item, a fraction symbol was asked for the

indicated point on a number line. S2 was putting % between % and 1 where the 0-1 interval was

partitioned equally with marks, then sorting them up to g Here are the results of S3 task as
follows.
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satuan, . AL
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Buatlah gambar yang menunjukkan %
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Figure 3. Results of S3 Task

Based on the results of S3's task, it can be seen that S3 correctly performed the unit problems
by giving a fraction symbol for the shaded representation for circle and rectangle problems
respectively. For questions that were represented by circles, S3 described a circle by dividing into
4 equal parts where 3 parts are shaded to shows the numerator and the sum of all the parts is the
denominator. Not much different from the previous problem, for the rectangle item, he described
a rectangle with the same 6 parts where 5 of the parts are shaded as the previous problem. Whereas
for the number line item, a fraction symbol was asked for the indicated point on a number line.

S3 was putting % between 0 and 1 where the 0-1 interval was partitioned equally with 2 equal marks.

Reconstruction the Unit from Unit Fractions Items

The thinking process of S1, S2, and S3 in reconstructing units from unit fractions represented
by circles, rectangles, and number lines. First, the students were reading the questions. After
reading the questions given, students understood the problem and retrieve the concept of
compiling fractions that has been studied before. The following is the result of S1's task.
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Figure 4. The results of S1's task

Based on the results of the student's task, it can be seen that for questions that are
represented by circles. S1 described the problem by reversing their thinking such that a part is
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given and they are to draw a whole. S1 performed well on both circle and rectangle items by
drawing half circle for the whole because by repeating i of the existing parts, it became a half

circle with 4 parts in total. For rectangle item, S1 did similar attempt. S1 described a rectangle
with the same 5 parts where all the parts are shaded for the same reasons as before. Whereas

for questions that are represented by a number line, S1 put 1 after 2 where the 0-1 interval was
partitioned equally with 3 equal marks. Meanwhile, the results of S2 work are as follows.
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Figure 5. The results of S2's task

Based on the results of the student's task, it can be seen that for questions that are represented by
circles. S2 described the problem by reversing their thinking such that a part is given and they are to
draw a whole. S2 performed well on both circle and rectangle items by drawing half circle for the

whole because by repeating % of the existing parts, it became a half circle with 4 parts in total. For

rectangle item, S1 did similar attempt. S2 described a rectangle with the same 5 parts where all the parts
are shaded for the same reasons as before. Whereas for questions that are represented by a number line,

S2 putl after% by repeating the numbers é to g = 1. Then, for the results of S3 work are as follows.
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Figure 6. The results of S3's task
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Based on the results of the student's task, it can be seen that for questions that are
represented by circles. S3 described the problem by reversing their thinking such that a part is
given and they are to draw a whole. S3 performed well on both circle and rectangle items by

drawing half circle for the whole because by repeating % of the existing parts, it became a half

circle with 4 parts in total. For rectangle item, S3 did similar attempt. S3 described a rectangle
with the same 5 parts where all the parts are shaded for the same reasons as before. Whereas

for questions that are represented by a number line, S1 put 1 after g by repeating the numbers
Ztod=1.
3 3

Mixed Fraction Naming

The thinking process of S1, S2, and S3 in naming mixed fractions represented by
circles, rectangles, and number lines. First, the students were reading the questions. After
reading the questions given, students understood the problem and retrieve the concept of
compiling fractions that has been studied before. The following is the result of S1's task.

Jika gambar lingkaran berikut adalah G
ambar | | Yoo lingkaran

satuan. ﬂ
3/s, atau|adlalah lw:c,,\'
\ bagian \'Pn'Jumlcd»an olar;
2 y ! =
Apa nama pecahan dari gambar Conbic 3 2e3° 3
- 2
lingkaran berikut ini!

2 l z a (PGc'ct\\cm
. O /5 3 Ccumpnan
\ 2

Jika persegi panjang A adalah satuan,

q =9
apa nama pecahan yang ditunjukkan ? T q 4 pafl)af\ﬂ pertama nilain
oleh persegi panjang B. alau | “IT A qleu l dan Padﬁ
q
e persagi pnyay mf!uo !
ol C R S ailaiagn. by '
3y e L bQ\"ﬂ\;{a' il 58 bay{af\
i maka fl;la perglpanyees
N U Tl i P perdamt don kedaa
B vl il 1 ditambahkan JC‘J’
hiletlnya | L .
/03
Tunjukkan letak angka%pada garis > parena nllar 3/,
3 ; : )
bilangan dibawah ini berarH | —- JOJ(
dilekatkan dcantara
oilat | dan 2>
< N e o e e e S L e
0 2 3 4 e ‘3: 5

Figure 7. The results of S1's task

Based on the results of the student's task, it can be seen that for questions represented by the
circle, S1 wrote 1§ as the answer by adding up the two circle values. For questions that are

represented by rectangles, S1 did it by using the same way, that is S1 wrote 1% for the same
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explanation as previous problem. As for the questions represented by the number line, S1 put%
between 1 and 2 by changing %to 1 % Meanwhile, the results of S2 task are shown as follows.
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Figure 8. The results of S2's task

Based on the results of the student's task, it can be seen that for questions represented by
the circle, S2 wrote 1 % as the answer by adding up the two circle values. For questions that are

represented by rectangles, S2 wrote ; and explained that there were four parts on the first
rectangle and five shaded parts on the second rectangle. S2 put % between 1 and 2 by changing
%to 1 % And for the results of S3 task are presented as follows.
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Figure 9. The results of S3's task

Based on the results of the student's task, it can be seen that for questions represented by
the circle, S3 wrote 2 as the answer because there are five parts that are shaded out of the six
parts. For questions that are represented by rectangles, S3 did it by using the same way, that is
S3 wrote % because there are four parts in the first rectangle and five shaded parts in the second

rectangle. As for the questions represented by the number line, S3 put % between 2 and 3.

Reconstruction of units from mixed fractions
The thinking process of S1, S2, and S3 in reconstructing units from mixed fractions

represented by circles, rectangles, and number lines. First, the students were
reading the questions. After reading the questions given, students understood the
problem and retrieve the concept of compiling fractions that has been studied before.
The following is the result of S1's task.
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Figure 10. The results of S1's task

Based on the results of the student's task, it can be seen that for questions represented by
the circle, S1described a circle with three equal parts and all the parts are shaded because when
it is drawn, it shows the whole. There was no significant difference of the answer between circle
and rectangle. For the problem that is represented by a rectangle, S1 described a rectangle with
4 equal and shaded parts for the same reason as circle question. As for the questions represented

by the number line, S1 put 1 between % and g by sorting from % to g = 1. While the results of
the work of S2 are as follows.
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Figure 11. The results of S2's task

Based on the results of the student's task, it can be seen that for questions represented by
the circle, S2 described a circle with three equal parts and all the parts are shaded because when
it is drawn, it shows the whole. There was no significant difference of the answer between circle
and rectangle. For the problem that is represented by a rectangle, S2 described a rectangle with
4 equal and shaded parts for the same reason as circle question. As for the questions represented

by the number line, S2 put 1 between g and g by sorting from % to g = 1. While the results of
the work of S3 are as follows.
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Figure 12. The results of S3's task

Based on the results of the student's task, it can be seen that for questions represented by
the circle, S3 described a circle with three equal parts and all the parts are shaded because when
it is drawn, it shows the whole. There was no significant difference of the answer between circle
and rectangle. For the problem that is represented by a rectangle, S3 described a rectangle with
4 equal and shaded parts for the same reason as circle question. As for the questions represented

by the number line, S3 put 1 between % and g by sorting from % to % = 1.

Discussion
Formulation of Fractional Numbers

S1 Thinking Process in Composing Fractional Numbers Represented by Circles, Rectangle,

and Number Lines

Based on the data exposure, the results are obtained. The results showed that S1 underwent
an assimilation process in the formation of forming understanding on all types of questions, in
which understanding the questions without a process, or being able to understand by reading
the questions given directly (Kurniawan et al., 2017). The selected information is then delivered
to the short-term memory and processed in the long-term memory to link or combine the newly
entered information with the existing schema. In this case, S1 used a part-whole scheme, where
this scheme is used to arrange fractions by dividing the whole into equal parts. Then, the whole
part is taken without changing the whole to compose the fraction (Hackenberg, 2013; Tung-
Pekkan, 2015). In the process of forming this understanding, S1 undergoes an assimilation
process, in which the assimilation process is associating or incorporating new information into
the schema he already has (Subanji & Supratman, 2015).

In contrast to the circle and rectangular representations, in this number line representation S1
did not use a part-whole fraction scheme, but S1 used the scheme described by H. Wu (2011) that to

draw fractions on the number line, namely (1) describes the fraction % on the number line by plotting
the interval from 0 to 1 as a unit and dividing it into b equal parts. Recognize that each part has
asize of % and the end point (defined point) of the part at 0 places the number% on the number line;

(2) describes the fraction % on the number line by marking a length % from 0. So that in the process

of drawing this conclusion, S1 proceed an assimilation in which S1 immediately integrates the new
information into the old scheme (Rizal, 2011).
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S2 Thinking Process in Composing Fractional Numbers Represented by Circles, Rectangle,

and Number Lines

S2 attains well in his thinking process in composing fractions which are represented by
circles, rectangles and number lines. It can be seen when S2 understands the problem well
without repeating it, so that in forming this understanding S2 experiences an assimilation
process (Kurniawan et al., 2017). In the process of forming ideas, S2 experiences a process of
assimilation, in which S2 integrates new information with the schema she/he has (Subanji &
Supratman, 2015). In compiling these fractions, S2 forms a part-whole fraction scheme. This is
in line with the statements of Hackenberg and Pekkan (2013; 2015b) regarding the fractional
scheme which explains that to arrange fractions by dividing the whole into equal parts. Then,
taking a part out of a whole without mentally destroying the whole operation to compose the
fraction. In drawing conclusions which are represented by circles, S2 sketches or tries to draw
first on the problem. In this case, S2 does not directly do on the fraction problem or requires
a process to arrange fractions. Thus, S2 experiences an accommodation process. Kurniawan
(2017) reported that when students need a process or indirectly in solving mathematic problem,
they experience an accommodation process. As for the rectangular and number line
representations, S2 undergoes an assimilation process.

S3 Thinking Process in Composing Fractional Numbers Represented by Circles, Rectangle,

and Number Lines

S3 attains well in his thinking process in composing fractions which are represented by
circles, rectangles and number lines. It can be seen when S3 could understand the problem
without repeating in reading of the given problem, so that in forming this understanding S3
goes through an assimilation process (Kurniawan et al., 2017). The information obtained is
continued into the short-term memory and then processed in the long-term memory, so that the
related information will be retrieved and matched again with the newly obtained information.
In this case, S3 used a fractional scheme which is contrary to Hackenberg and Pekkan (2013;
2015b) so that in this case S3 experienced an accommodation process in which S3 combined
or unified new stimuli through changing the old scheme to adapt to existing problems (Subaniji
& Supratman, 2015). S3 did not believe in the scheme she/he already had so that in forming
opinions, S3experienced process of accommodation (Rizal, 2011). Further, in drawing
conclusions, S3 underwent an assimilation process in the circle representation. Whereas for the
rectangular representation S3 experienced an accommodation process seen when S3 replaced
the previous answer (Kurniawan et al., 2017).

Meanwhile, S3 could not attain satisfactory result in the preparation of fractional numbers
represented by the number line. It was seen when S3 was able to determine the information
used to solve the problems given in the process of forming understanding. However, she/he was
not able to determine the steps in solving it through the process of forming opinions, so that in
this process S3 experienced an accommodation process (Kurniawan et al., 2017). Because
she/he was unable to determine the steps at the previous stage resulting in errors in answering,
imperfections occurred in the process of drawing conclusions by S3.

Unit Reconstruction from Unit Fractions

S1's thinking process in reconstructing units from unit fractions represented by circles,

rectangles, and number lines (S1)

S1's thinking process in reconstructing units from unit fractions represented by circles,
rectangles, and number lines is going well. It can be seen when S1 can understand and find the
information needed to solve the problem directly without doing repetition when reading the
problem. So that in the process of forming this understanding S1 underwent an assimilation
process (Kurniawan et al., 2017; Rizal, 2011). The information obtained is the result of selection
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which is then entered into the short-term memory and will be processed in the long-term
memory by retrieving the information held with the information obtained. From this process S1
stated that to determine the units of unit fractions using the division scheme of unit fractions,
S1 repeated the unit fractions to produce the whole (Izsak et al., 2008). S1 experienced an
assimilation process in forming this opinion, it was seen when S1 integrated the new
information with the schema she/he had (Subanji & Supratman, 2015). As for drawing
conclusions, S1 is able to use information, steps, and concepts that have been planned to solve
the problem, so that in this case S1 experiences an assimilation process.

S2's thinking process in reconstructing units from unit fractions represented by circles,

rectangles, and number lines (S2)

S2's thinking process in reconstructing units from unit fractions represented by circles,
rectangles, and number lines goes well. It can be seen when S2 can understand and determine
the information used without repeating when reading the questions, so that in the formation of
this understanding S2 experiences a process of assimilation (Sahlberg, 2020a). S2 stated that to
reconstruct units from unit fractions, S2 used a division scheme of unit fractions by repeating
the unit fractions to produce the whole (Stevens et al., 2020). So that in this case S2 experiences
an assimilation process. It can be verified when S2 integrated incoming information with the
schema she/he had (Subanji & Supratman, 2015). As for the process of drawing conclusions S2
required a process to use the information and schemes that are already owned. S2 first sketched
his/her answer on the picture shown in the question, so in this case S2 experienced an
accommodation process. Unlike the circle representation, in the rectangle and number line S2
wrote the answer directly without sketching it first. So that in this case S2 experienced an
assimilation process.

S3 thinking process in reconstructing units from unit fractions represented by circles,

rectangles, and number lines (S3)

S3's thinking process in reconstructing units from unit fractions represented by circles,
rectangles, and number lines is not going well. It can be seen when S3 did repetition in reading
the questions to understand them and got information related to reconstructing units from unit
fractions. S3 also experienced imperfections in formulating his/her understanding in which S3
lacked confidence that she/he had been obtained sufficient information to solve the problem, so
it can be concluded that S3 experienced an accommodation process (Steffe, 2001). Then the
information obtained is the result of the selection and will be entered in the short-term memory
and processed in the long-term memory. The information in the long term memory is retrieved
and matched with the new information.

In this case, S3 stated that to reconstruct units from unit fractions was used the division
scheme of unit fractions, by repeating the unit fractions to produce the whole (Hackenberg &
Tillema, 2009). So that in forming opinions S3 experienced an accommodation process, which
is able to determine the relationship between the information obtained and the schema that is
owned, but in this process S3 required a process to be able to retrieve the scheme from he/she
long-term memory. In the process of drawing conclusions, S3 experienced an accommodation
process, as seen when S3 was not perfect in using its scheme. It can be seen when S3 feels
unsure that the scheme is a concept for solving existing problems.

Mixed Fraction Naming

S1's thinking process in naming mixed fractions represented by circles, rectangles and

number lines (S1)

S1's thinking process in naming mixed fractions which are represented by circles,
rectangles and number lines goes well. The process began with reading the questions, so from
reading the questions S1 got information to solve the questions and what was asked of the
questions. In the process of forming this understanding S1 underwent a process of assimilation
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(Stevens et al., 2020). Based on the researcher's interview with S1 regarding the scheme used
to solve the problem, S1 could explain the relationship between the information obtained and
the scheme it had. In this case S1 modified the scheme he already had to solve the problem, so
that in the process of forming this opinion S1 experienced a process of accommodation, which
combined or unified new stimuli through changing the old scheme to adapt to existing problems
(Subanji & Supratman, 2015). In solving these problems, S1 used the concepts that have been
planned beforehand correctly and was able to check again and felt confident about the steps
used to solve the problem. As the result, in the process of forming these conclusions S1
underwent a process of assimilation.

S2's thinking process in naming mixed fractions represented by circles, rectangles and

number lines (S2)

S2's thinking process in naming mixed fractions represented by circles, rectangles, and
number lines goes well. The process began with receiving information through reading the
questions given. From this process S2 could find information that can be used to solve the
problem, so that in the process of forming this understanding S2 experienced an assimilation
process (Stevens et al., 2020). Based on the researcher's interview with S2 regarding the scheme
used to solve the problem, S2 could explain the scheme he/she had by modifying it even though
in fact, it was not correct. From this scheme S2 related it to the information that has been
obtained to solve the problem. So that in forming these opinions S2 experienced a process of
accommodation, which combines or unites new stimuli through changing old schemes to adapt
to existing problems (Subanji & Supratman, 2015).

In solving these questions S2 used the concepts previously described and went well.
However, in the process of solving the problem, which was represented by a circle and a number
line, S2 sketched the answer first on the image shown in the question, so that in this case S2
experienced an accommodation process. Unlike the questions that were represented by
rectangles, S2 immediately wrote down the answers without sketching them first. So that in this
case S2 experienced an assimilation process.

S3 thinking process in naming mixed fractions represented by circles, rectangles and

number lines (S3)

S3's thinking process in naming mixed fractions represented by circles, rectangles, and
number lines is not going well. During the process of forming understanding, S3 experienced
an accommodation process, where it was less able to understand the questions and it took time
to get the information used to solve the questions (Subanji & Supratman, 2015). The
information obtained is the result of the selection which is then entered in the short-term
memory and processed in the long-term memory. In the formation process opinion, it was not
perfect, it was seen when S3 was unable to connect the information obtained with the scheme
he owned. So that in this case S3 experienced an accommodation process which combines or
unites new stimuli through changing the old scheme to adapt to existing problems (Subanji &
Supratman, 2015). In the process of drawing conclusions, S3 experienced an accommodation
process seen when S3 was unable to carry out the problem-solving plan, due to the subject's
error when determining alternative error steps in the previous stage.

Unit Reconstruction from Mixed Fractions

S1's thinking process in reconstructing units from mixed fractions represented by

circles, rectangles, and number lines (S1)

S1's thinking process in reconstructing units from mixed fractions represented by circles,
rectangles, and number lines is not going well. The process began with reading the questions
given resulting in S1 receiving information. In identifying the questions that are represented by
the S1 circle, S1 required a process of reading the questions repeatedly until he/she got the
information he/she needed. This is in line with Yovan's statement (2008) which stated that
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repetition in reading questions can improve information recall due to strengthening the
relationship between information held. So that in this process S1 experienced an
accommodation process (EI-Nakhel et al., 2019). Whereas for questions that are represented by
rectangles and number lines, S1 could determine the information used in solving the problem
and what was asked in the problem properly without repeating in reading the problem. So that
in the process of forming this understanding S1 went through a process of assimilation.

The information obtained is then processed in long-term memory by retrieving information
related to reconstructing units from mixed fractions. In solving these questions, S1 modified
his scheme to suit the questions given, so that in the process of forming opinions, S1
experienced a process of accommodation (Subanji & Supratman, 2015). In solving these
problems S1 used the concepts that have been explained before well. However, for questions
that are represented by circles, S1 lacked confidence in the steps and answers, so S1 checked
again and then confirmed the answers that have been written. So that in the process of drawing
conclusions, S1 experienced a process of accommodation. Meanwhile, for questions that are
represented by rectangles and number lines, S1 believed in the steps used to solve the problem.
In this process S1 experienced a process of assimilation.

S2's thinking process in reconstructing units from mixed fractions represented by

circles, rectangles, and number lines (S2)

S2's thinking process in reconstructing units from mixed fractions represented by circles,
rectangles, and number lines goes well. The process began with reading the questions given
resulting in S2 receiving information. S2 could determine the information used in solving the
problem and what was asked in the problem properly without repeating in reading the problem.
As a result, in the process of forming this understanding S2 went through a process of
assimilation (Hackenberg & Tillema, 2009). The information obtained is then processed in
long-term memory by retrieving information related to reconstructing units from mixed
fractions. In solving these questions S2 modified his scheme to suit the questions given, so that
in the process of forming opinions S2 experienced a process of accommodation (Subanji &
Supratman, 2015). In solving these problems S2 used the concepts that have been explained
previously well. S2 believed in the steps used to solve the problem. As a result, in the process
of drawing conclusions, S2 underwent a process of assimilation (Subanji & Supratman, 2015).

S3 thinking process in reconstructing units from mixed fractions represented by circles,

rectangles, and number lines (S3)

S3's thinking process in reconstructing units from mixed fractions represented by circles,
rectangles, and number lines is not good. The process began with reading the questions given,
resulting in S3 receiving information. In the process of forming understanding in the problem,
reconstructing units represented by circles, rectangles, and number lines, S3 could not
immediately identify the problem properly, which still required a process to be able to find
information to solve the problem. In forming this understanding S3 was experiencing an
accommodation process (Hackenberg & Tillema, 2009). From this process, S3 could not find
any information related to reconstructing units from mixed fractions represented by circles and
rectangles. However, it could determine the information on the problem that is represented by
a number line.

Based on the researcher's interview with S3, it can be seen that S3 could not state what
schemes could be used to solve problems that are represented by circles and rectangles. There
are many factors that cause students to be unable to solve the problem properly, namely due to
their limited experience or knowledge. In addition, the concepts or knowledge used to respond
to stimuli are not stored properly (Hidayati, 2021). However, unlike the questions that are
represented by a number line, S3 could explain a scheme used to solve problems even though
she/he still requires processing. The process of forming opinions in S3 can be seen when S3
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could determine the relationship between the information it has and the existing schemes in its
long-term memory. In this case S3 modified the scheme that he already has by matching the
new information with the scheme he/she had, so that in the process of forming the opinion S3
experiences a process of accommodation (Sahlberg, 2020b). When S3 could not determine
information that can be used to solve questions that are represented by circles and rectangles in
the process of forming opinions so that in the process of drawing conclusions S3 could not
answer these questions correctly. This is because the information needed in short-term memory
is not properly stored in long-term memory. As for the problems represented by the S3 number
line, she/he solved it using a pre-planned scheme. In the process of drawing conclusions, S3
experienced an accommodation process, it is proven when S3 did not feel confident about the
steps he/she was taking to solve the problem.

4. Conclusion

The thinking process of each student in constructing the concept of fractions which are
represented by circles, rectangles and number lines varies according to the type of problem
given, so that the following conclusions are obtained:

The thinking process of student 1 (S1) in constructing the concept of fractions which are
represented by circles, rectangles, and number lines is going well. in the process of forming the
understanding, S1 can immediately understand which questions without repeating a lot in
reading the questions. For the process of forming opinions, in this case, S1 uses the scheme
he/she has to solve the questions given. As for drawing conclusions, S1 uses the plan he has to
solve questions confidently and correctly. So that in the process of constructing the concept S1
experienced an assimilation process.

The thinking process of student 2 (S2) in constructing the concept of fractions which are
represented by circles, rectangles, and number lines is also going well. In the process of forming
the understanding, S2 can immediately understand which questions without repeating a lot in
reading the questions. For the process of forming opinions, in this case S2 uses the scheme he
has to solve the questions given. As for drawing conclusions, S2 uses the plan he has to solve
questions confidently and correctly. So that in the process of constructing the concept S2
underwent an assimilation process.

The thinking process of student 3 (S3) in constructing the concept of fractions which are
represented by circles, rectangles, and number lines is not going well. In the process of forming
the understanding, S3 cannot immediately understand the questions given. S3 needs to
understand the questions repeatedly. Then in the process of forming opinions S3 modifies the
scheme it has to solve the given problem. As for drawing conclusions S3 uses the plan that has
been made, but S3 is unable to realize the plan. As the result, in the process of constructing the
concept S3 goes through an accommodation process.
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Abstract

Computer-based assessment (CBA) is a method of learning and for learning. Nowadays,
CBA is used in primary math education to develop interactive tests with immediate feedback.
Multiple choice questions, matching, and other ‘objective’ types of items and its intelligent
analyzer are the base of CBA. The diversity of the items, the types of answers, the type of
feedback, and delivery considerations must all be carefully taken into account when developing
an effective pedagogical design in general and for primary students in particular. However, the
problem is that pedagogical design may be approached from the perspective of linear, systemic,
and metasystemic thinking. This article investigates the affordability of Metasystems Learning
Design (MLD) theory for CBA in diverse learning environments. Our previous research has
demonstrated that the MLD principles implementation in educational software for primary math
education has increased students’ motivation to learn for those who received low marks at
paper-to-pencil evaluation and, therefore, they performed better. This outcome can be used as
a premise for future investigations of MLD and its applications in pedagogical design. The
conceptual response to this question depends on how adult learning is incorporated into the in-
service teacher preparation methodology during the twin transition period to learning society.

Keywords: math education, teacher training, computer-based assessment, immediate feedback

1. Introduction

A systematic process of gathering information from tests, surveys, exams, and other sources
is known as assessment. It is used in traditional classroom settings as well as online learning to
find out more about how well students are doing and how well they are responding to their
educational institutions' programs of study. Either paper and pencil or computers can be used
for assessment. The method of using computers for assessment, measurement, testing, and
evaluation for educational purposes is known as computer-based assessment (CBA). This
method, which has been in use since the 1950s, has undergone numerous improvements. On
one hand, there are multiple definitions. Thus, CBA is (a) a ‘method for learning on students’
learning outcomes’ (Van der Kleij, et al., 2012), a ‘versatile education tool’ (Thelwall, 2000),
a tool ‘to provide timely information on their academic progress’ (Helfaya, 2019), etc. and it is
used as an integral part of Computer Aided Learning (CAL) environments in formal and non-
formal education. On other hand, there are some issues related to the ‘affective-motivational
effects of performance feedback’ (Kuklick & Lindner, 2023) and the advantages of the
assessment tool for early literacy skills (Bastianello, Brondino, Persici, & Majorano, 2023).
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The unique characteristic of CBA is the analysis of item tasks with immediate feedback.
Research suggests that primary teacher and their students pay more attention to immediate
feedback than to delayed feedback. As was observed by Miller (2009), immediate feedback on
CBA is used to support learning rather than measure students’ learning at the end of the module.
The ‘acceptance’ of CBA by teachers of primary students is crucial for the development of
a computer-based assessment (CBA). By acceptance, we mean the interest, curiosity, and
motivation to use CBA in the teaching-learning process. The advantages of CBA versus paper-
and-pencil tests are the affordability to generate items and tests (Nguyen et al., 2017) and the
intelligent analysis of students’ answers (Yildirim-Erbasli & Bulut, 2023). However, everyday
teaching practice in elementary math has put the method of CBA under the lens, especially in
the case of the twin transition to a global knowledge society (Foster, 2023) — an approach used
to foster the importance of digitalization and the greenest of technologies.

The majority of CBAs used in primary education are computer-based tests (CBTS).
A computer test, a procedure for determining students' performance by delivering scholarly
tests through a computer network medium, is the fundamental idea behind CBTSs. This type of
assessment can be given in oral, written, or mixed form using any digital device, such as
a computer, smartphone, etc. CBTs are used in primary education as a diagnostic, formative,
and summative assessment. Diagnostic assessment, developed in form of short answers and
multiple-choice items, has the power to motivate all students. However, many researchers
contend that formative assessment is the most significant type of evaluation (Bennett, 2011;
Black & Wiliam, 2009; Bulut, et al., 2023; Yan & Chiu, 2023). Summative evaluation, which
traditionally "measures” learning outcomes, could, in our opinion, be used as a learning strategy
as well as a means of evaluating students' performance following a didactic process.

The pedagogical scenario of CBA thus presented itself as a good observatory to focus on
teachers’ knowledge in instructional / learning design, their’ professional competencies in
designing inclusive learning environments; and to establish whether and to what extent the core
competencies of students are affected in one or another way by computer-based learning
environments. The main aim of this study is to determine if there are psychological and
pedagogical aspects of CBA that can be improved to make it more effective and, ultimately, to
widen its adoption in schools. With this purpose in mind, it was conducted a study in the
Republic of Moldova within a teacher-training module related to CBA in school education.

2. Theoretical background

Assessment and appreciation are the two methods used in the formal education of primary
students. Assessment is a measure of performance/competence following certain norms and
standards; and appreciation — of the decision-making process related to performance, and
quality of learning outcomes in form of knowledge, skills, and attitude. This distinction can be
seen in primary math education when teachers "appreciate” some students more than others
(Gadanidis & Cendros, 2023; DeLegge & Kaur, 2023; Engelbrecht, Borba & Kaiser, 2023).
Moreover, appreciation is more about appreciative intelligence and less about texting.

Traditionally, in the pedagogical design of CBA and CBTSs is used Bloom's taxonomy is
(de Bruyn, E., Mostert E. & van Schoor, 2011). The affordability of the immediate feedback,
however, limits this strategy to only evaluating the lower levels of action verbs in Bloom's
taxonomy, such as remember, select, solve, and classify (Armstrong, 2010). According to
Mayer (2002), the taxonomy for CBA of problem-solving should include four categories of
knowledge (i.e., factual, conceptual, procedural, and metacognitive) based on the Anderson et
al. 2001 revised taxonomy. In his opinion, problem-solving is a cognitive process. This
approach contradicts with STEMx paradigm, according to which primary students need
cognitive, metacognitive, affective, and social learning strategies.
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For instance, Nimasari, Gestanti, and Nurfitri (2023) highlighted that critical thinking
skills are demonstrated in tasks that require analyzing, evaluating, and producing new content.

Let's examine this issue more thoroughly. The basic concept both of CBA and CBTs is
the test item, which refers to a specific question or problem test takers are asked students to
perform. Both closed-ended and open-ended questions can be included in the test item, such as
true/false, multiple choice, completion, matching, and rating scales. Open-ended questions, in
contrast, can be answered in more or fewer details, are more general, and can therefore integrate
cognitive and metacognitive tasks and use constructive or/and elective answers. Metacognitive
tasks are incorporated in an all-inclusive or selective learning portfolio.

In our opinion, three different paradigms of thought are used in the pedagogical design of
cognitive and metacognitive tasks. This concept was initially investigated in an analysis of
usage and development trends for digital textbooks (Railean, 2014). Therefore, in the case of
CBA and CBTs the linear paradigm uses a step-by-step model of thinking. For instance, the
instructional design of CBTSs is related to ‘linear testing’ (Yildirim-Erbasli & Bulut, 2023), and,
therefore, students are unable to move backward in changing their prior answers. Nevertheless,
this approach offers several advantages over paper-and-pencil testing (PPT), such as flexibility
of design, easy administration, and objective scoring (Briiggemann et al., 2023).

System thinking emphasizes considering the whole rather than individual parts. The main
examples are intelligent tutoring and computer-based adaptive testing (CAT), in which the
process of generation of the test items is intelligent and "adapts” to the knowledge level of those
being tested. Thus, each test-taker receives a ,unique test‘ presented at the most appropriate
level of difficulty. Moreover, each educational system is like a tutor which operates in discrete
steps. This means that each ,new problem* is broken down into manageable steps, and is
presented in form of a cycle, and each student must complete one step before moving on to the
next. As an illustration, if a student completes step I, the current value of his or her input for
the following step will be Xi, and the student's internal cognitive state will be Si. These values
could be transformed into the output value Xi+1 with state Si+1, and so on, following the
corresponding procedure.

The problem is that in real life, tasks are ideally adapted to each solver. Metasystems
learning design theory is concerned to answer by following questions: (a) Who is the actual
learner?; (b) What are his/her ability and level of motivation?; (c) What environments does he
or she live and learn in?; (d) What are the specific features of educational system/learning
environments in times of openness?; (¢) How do digital screens impact learning? The
metasystems approach pieces of evidence the impact of a student's (meta)cognitive drive to
learn in a diversity of learning environments, both physical and virtual; the role of digital
screens on learning capacity; and the importance of ecosystems of learning and communication
in an affordable pedagogical design. The learning environment in which CBA and CBTs are
used should be more "inclusive™ and should not rely only on the teachers' ability to gauge
student progress. According to Klir (1990, p. 325), metaX is used as the name of things or
systems, which are more than X in the sense that it is more organized, has a higher logical type
of organization, and is analyzed in a more general case. Therefore, the metasystems approach
requires more intelligent analysis of students‘ answers. This viewpoint examines both the direct
and indirect effects of learning on changes in thought and behavior. The direct effect refers to
using CBTSs both in formative and summative assessment and indirect — development of the all-
inclusive digital portfolio.

In an attempt to understand what the current knowledge, skills, and attitudes of
schoolteachers are concerning the pedagogical design and application of CBA and CBTs it was
conducted an online survey targeted schoolteachers in science.
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Particularly, it analyzed the data of students who participated in the pedagogical experiment
in which CBA for studying math was used. Our research questions are, as follows:

e What approaches do teachers in science, math, and technology use to evaluate CBA,
in general, and CBTs, in particular?

e What is the importance of CBA and CBTs in the development of core competencies
from the perspective of students?

These research questions were formulated starting from the CBA and CBTs specific
features that, according to research literature, should characterize the affordability of
pedagogical design and focus on core competence development of students interested in
science, math, and technology. In our understanding, building on a solid numeracy foundation,
the focus of mathematical, science, and technology competence is not only on knowledge but
also on processes and activity, which could be applied in solving real problems. Therefore, by
examining these research questions, we think to understand whether and to what extent the
state-of-the-art in CBA and CBTs could be recommended for courses on teacher preparation.
The final aim of this article is to highlight the psychological and pedagogical aspects of CBA
and CBTs that could be improved from the perspective of teachers' and students' experiences
to make this approach more effective and ultimately to widen the adoption of metasystems
learning design in every practice.

3. Methods

3.1. Data collection, research context, and participants

In the endeavor to find answers to the above-mentioned research questions, it was adopted
a mixed qualitative-quantitative approach of design a pedagogical experiment. First, data were
collected through an online survey tool consisting of questions purposedly build to investigate
the primary research question. The questionary for the survey was developed by the author.
Online surveys aimed to elicit from respondents their habits in the didactical design of learning
environment and teaching behavior. The survey was implemented using Google Forms and
comprised a total of 14 questions. It was structured in two sections, as follows:

e General information about the respondents
e The evidence offered by teachers regarding their habits and teaching behavior

The second amount of data was collected from students, who took the CBTSs after classes.
Both procedures were presented before the module “Computer-based assessment” of the course
in pedagogy for the training of teachers in science, math, and technology. Formal approval by
the ethics committee was not required due to the type of data collected.

Overall, 64 teachers and 24 primary students participated in the pedagogical experiment.
The most of teachers (78.1%) were between 21-30 ages. This unbalanced age ratio is
a reflection of the current interest of in-service teachers in science, math, and technology for
creative learning strategies that may enhance teaching competencies and, as a result, the cost-
effective pedagogical approach of learning design. In terms of teaching experience, they work
in a town/city (95.3 %) and most of them have a diploma in higher education (48.4%).

3.2. Data analysis

Two ways for data analyses were used in our pedagogical experiment. First, data from the
survey was analyzed using the graphical representations provided by Google Forms. Second,
data from students’ answers in various CBTs were compared with data obtained on paper-and-
pencil tests.
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4. Results

4.1. The pieces of evidence offered by teachers in science, math, and technology

To understand the current state-of-art in teachers’ knowledge regarding CBA and CBTs was
developed a questionary delivered through an online survey. The results were obtained from 64
teachers. These results allow us to conclude that teachers use audio-visual aids to convey the
teacher’s message to students, as follows (a) video/audio files (35.9%); (b) simulations with
educational software (31.3%); (c) personal photos/videos — 15.6% and (d) images from the
Internet — 12.5%. However, to evaluate the student's learning outcomes the majority of teachers
use oral communication (43.8%); 31.3% of them use tests on paper photographed and
transmitted and only 20.3% apply computer interactive tests.

But, for those questions related to theoretical knowledge related to CBA and CBTSs teachers
answered in another way. Comparing responses related to CBTs and tests administered using
paper and pencil we can conclude that CBA and CBTs are more (a) correct (46.9%); (b) accurate
(28.1%) and (c) valid (25%). These results are based on the following arguments:

o digital assessment is sensible to the psychopedagogical characteristics of students
e indigital assessment the measure errors are minimal
o digital assessment allows us to obtain and provide the same results for all students.

The validity of these questions could be provided from the following data. Digital
assessment in form of assessment, measurement, and testing tools are balanced if (a) state and
schoolwork together for the most successful learning strategies (42.2% of responses); (b) CBTs
are developed according to the principle of coherence, comprehensiveness, and continuity
(40.2%), and (c) include diagnostic, formative and summative tasks (17.2%).

4.2. CBA elementary mathematics program

Early math instruction is focused on arithmetic, number relations, and conceptual
understanding of numbers (collectively referred to as ,math numeracy‘ here). According to
Foster (2023) counting, number knowledge, quantity comparison, solving problems, and
making connections between numbers and words are crucial to children's development in math
achievement throughout elementary school. Starting from this position was developed
a computer-based program that aims to enforce the competencies of students, who study
calculus (i.e., addition, subtraction, multiplication, and division of real numbers) and
mathematical operations with fractions (i.e., addition, subtraction, multiplication, and division
of fractions).

The computer program was divided into three modules, as follows: ,,Natural numbers®,
,,Ordinary fractions* and ,,Decimal fractions. Each module is defined into two three chapters
and themes, each of them consisting of a theoretical and a practical part. The theoretical section
includes core concepts of the chapter with interactive comprehensive explanations. Practical
parts include CBTs. In the pedagogical design of CBTs were applied the following norms:

e Metasystems learning design principles (i.e., self-regulation, personalization, clarity,

immediate feedback, dynamicity and flexibility, and cognitive ergonomics)

e Psychopedagogical norms:

e no more than 20 minutes for one CBT

e 30 -100 test operations for one computerized test

e Test items should be written using the rational mode of mind

e The students’ answer is evaluated as correct, partially correct, or incorrect.
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From this perspective, one test operation is equal to one task performed by the mind to solve
a complex issue and the test item will have the form 745+123 = instead of What is the sum of
the following mathematical operation 745+123 =. Number 1/25 shows that this CBTs includes
25 tasks in form of exercises or problems, which is equivalent (in this situation!) to 60
operations of the test. A copy of the digital screen is presented in Figure 1.

1/25

745+ 123 =

verificare

Figure 1. CBT on digital screen

4.3. Observation of changes in students* motivation to learn

Researchers look into test-taking behavior using data from interactive assessments, such
as how long students spend on each item, how often they change their answers, and how they
move around the items (Yildirim-Erbasli & Bulut, 2023).

Case study. After piloting the computer program, it was observed that students who
performed better at paper-and-pencil examinations received lower results compared with
students who received lower marks within paper-and-pencil examinations. This case requires
future examination taking into account the diversity of learning environments and the intrinsic
motivation of students to learn mathematics.

5. Conclusions

This study aims to investigate the method of CBA and CBTSs, their specific feature in form
of immediate feedback, and practical application in the math education of primary students.
Our assumption, based on Miller’s research, is that CBA with immediate feedback needs to be
used to support the learning process/progress and not to measure learning outcomes.

Traditionally, there are two forms of evaluation of students’ progress, known as assessment
and appreciation. Assessment, either in form of paper-and-pencil or computerized assessment,
is used to measure knowledge, skills, and attitude in form of data. Appreciation is the result of
appreciative intelligence. This form of intelligence is common in humans ‘minds because of
subjective perception of values and attitudes toward something or/and someone.

There are three main models of human thought: linear, system, and metasystems. Linear
models use a step-by-step approach and system thinking follows the system paradigm,
according to which the whole is composed of individual parts and, therefore, each student
should complete one step before will move to the next. The learner's abilities and motivation to
learn are at the center of the learning process according to the metasystems learning design
theory. This theory also examines the influence of a student's (meta)cognitive drive to learn in
a variety of physical and virtual learning environments, the impact of screens on learning, and
the significance of learning and communication ecosystems in pedagogical design.
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Starting with two research questions it was developed an online survey and a computer
program for the math education of elementary students. Data shows that (a)teachers are
interested in CBA and CBTs even though they use paper-and-pencil tests distributed within
a digital environment; (b) students with lower marks who used computerized test perform
improve their results and perform better than their colleagues with better results at traditional
tests. This idea needs to be future investigated to understand if this is an effect or only
a particular observation.
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Abstract

In this study, the effects of primary school students' creative mathematics activities on their
attitudes and achievements towards mathematics were examined. In the research, a quasi-
experimental design with pretest-posttest control group was used. The aim of the study, which is
carried out with primary school 3rd grade students, is to develop children's reasoning skills and
to develop their love for mathematics through fun activities, games and activities. In the study,
the significance of the difference was revealed by measuring the mathematical attitudes and
academic achievements of the students before and after the application. In the study, the 'Attitude
Scale Towards Mathematics Lesson' scale and the mathematics academic achievement test for
the 3rd graders developed by the researchers to scale the academic achievement in mathematics
were applied as a pre-test and post-test. Considering the findings of the research, it is seen that
the program is effective on the mathematics attitude and mathematics academic achievement of
the students in the experimental group who participated in the study of improving mathematics
attitude and mathematics academic success through creative mathematics activities. Before the
experimental application, the attitudes of the students in both the experimental and control groups
towards the mathematics lesson were quite high.

Keywords: primary school, math lesson, creative games, creative math activities

1. Introduction

Mathematics is generally perceived as a difficult and feared course. The most important
reason for the formation of this perception is the thought that mathematics consists of only rules
and procedures that are disconnected from daily life, therefore, one must have a very strong
memory and memorization ability in order to learn. According to Toptas et al. (2020), in order to
break this perception, the mathematics learning-teaching process should be made meaningful, fun
and discoverable. Even the fact that it is suitable for the process is an important step in itself for
this purpose. Mathematics is a naturally entertaining and creative science that helps to understand
life.

Especially the primary school period, when the love or anxiety of mathematics is formed, is
one of the periods when educators should take more responsibility. In Piaget's words, primary
school children are in the concrete operational stage and are open to perceiving everything around
them concretely. In addition, during this period, children take great pleasure in playing and
learning through games. Chandel et al. (2015) concluded in their study that children find teaching
with games more enjoyable. However, Kavasoglu (2010) mentioned that the fear of mathematics
can turn into love in the mathematics lessons taught with games. Therefore, it is very important
to reduce a lesson that includes numbers, operations, shapes and symbols, which are abstract such
as mathematics, to a concrete basis for primary school children.
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The studies conducted in recent years (Usluoglu and Toptas, 2020; Bozkurt and Ates, 2021;
Sengiil and Kiral, 2023; Tiras, 2023) have revealed that the activities in mathematics textbooks
are generally operational and conceptual. This means that children are successful by
memorizing operations and concepts related to mathematics, but they are insufficient in having
metacognitive skills in transferring mathematics to daily life. In order to eliminate this
inadequacy in a healthy way, the mathematics course should be designed and taught according
to the development levels and readiness levels of the children. Children love to play games.
Therefore, it is useful for them to play with mathematics.

Creativity is the process that is unique to individuals and that emerges as a result of the
interaction and restructuring of the individual's own thoughts and the environment (Chae, Sea,
& Lee, 2015). Although creativity often reminds innovations discovered in laboratory
environments, it actually covers emotional states of creativity and activities beyond this (Silvia
& Kaufman, 2010). Conner et al. (2018) concluded in their study that creativity activities not
only have new information discovered, but also have positive psychological benefits. They also
emphasized that daily creative activities are a way to improve positive psychological
functioning. Therefore, it can be interpreted that creative activities are very effective tools in
completing this process and achieving a result. The concept of creativity, which focuses on
making the process productive rather than its results, actually expresses the attitude and success
of the time spent to the work done.

In this study, it is aimed to teach mathematics achievements with games and creative
activities in order to prevent mathematics fear and anxiety in primary school students and to
improve their love for mathematics. The aim of the study, which is carried out with primary
school 3rd grade students, is to develop children's reasoning and reasoning skills and to develop
their love for mathematics with fun activities, games and activities. In this study, the
significance of the difference was revealed by measuring the mathematical attitudes and
academic achievements of the students before and after the application.

1.1. The Problem of Research

Does a teaching practice blended with creative games and activities in primary school 3rd
grade mathematics lesson have an effect on students' attitudes towards mathematics lesson and
academic achievement?

2. Method

2.1. Research Pattern

In the research, a quasi-experimental design with pretest-posttest control group was used.
This model is based on the principle that an experiment and a control group are formed by
pairing one or more groups, impartially (Biiyiikoztiirk, 2002: 206). Within the scope of the
study, two groups were determined and after the pre-test application was made, a mathematics
teaching application blended with creative games and activity contents was applied in the
experimental group for 11 weeks, and traditional teaching was applied in the control group. At
the end of 11 weeks, the results of both groups were compared by applying the post-test.

2.2. Working Group

In the study, convenient sampling method was preferred. In this method, the researcher
chooses a situation that is close and easy to access and is often used when the researcher does
not have the opportunity to use the other sampling method (Kilig, 2013). In this study, 42 3rd
grade students studying at a public school in Kirikkale formed the study group. Random control
and experimental groups were determined without making any selection between 3/A and 3/B
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branches. 23 students in the 3/A branch were determined as the experimental group, and 19
students in the 3/B branch were determined as the experimental group. The classroom teachers
of both groups are experienced teachers with almost the same seniority years.

2.3. Data Collection Tools

In the study, the 'Attitude Scale Towards Mathematics Lesson' scale developed by Askar
(1986) to measure students’ mathematics attitudes, and the mathematics academic achievement
test, pre-test and post-test for 3rd graders developed by the researchers to scale their
mathematics academic achievement were applied. Information on the scales is as follows:

Attitude Scale Towards Mathematics Lesson: There are 20 items in the scale. There are
10 negative and 10 positive items in the scale, in which a 5-point rating system is used. The
reliability coefficient of the scale is 0.96 (Cronbach Alpha). This result shows that the scale is
reliable.

Academic Achievement Test: In the test developed by the researchers, there are 20 items
for the subjects, units and experimental work to be done on the basis of the 3rd grade
mathematics course work. In the test, there are 3rd grade subjects that the students have not yet
received their education in the light of the academic calendar carefully calculated before the
study. These subjects are, in order, multiplication with natural numbers, division with natural
numbers, fractions, money and time measurement. The distribution of the 20-item questions
applied as a pre-test and post-test is as follows: 6 questions on multiplication and division with
natural numbers, 5 questions on fractions, 5 questions on money and 4 questions on measuring
time.

2.4. Application Process

In order to determine the study groups before the application, it was aimed to measure the
attitudes of the classes towards mathematics and their academic achievements. For this reason,
before the application, the researchers observed the mathematics lessons in the classrooms,
asked mathematics questions to the students and determined the experimental-control groups.
The academic calendar, activities and games determined before the study were shared with the
teacher of the class, which was the experimental group, and long speeches were made on the
subjects. Based on the predetermined topics for the study, activities and games were arranged
in a way that children could understand more easily. Thus, the 11-week implementation process
was started. The researchers shared the necessary materials and activities with the classroom
teacher the day before the application every week and personally participated in the application
the next day. During the application, the researchers accompanied and observed the classroom
teacher and students in a way that would not disrupt the teaching and learning flow in the
classroom. During and after the activity, feedback questions were asked to the students about
whether the outcome was given or not, and all the activities were recorded in the observation
report. Each activity or game lasted 1 lesson hour. Below are examples of creative activities
applied to the experimental group:

1. Mathematical Achievement: Doing quick multiplication by 10 and 100.
Game/Activity Suggestion

Required Materials: Colored paper/cardboard, scissors, glue, colored beads, rope (for
bracelet making)

Before the activity starts, children's bracelets, some with a single bead and some with two
beads, are made with colorful beads and thread. Each student is randomly given a wristband.
Students wear the bracelets given to them on their arms (Figure 1). Single-beaded bracelets
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represent multiplication by 10. On the other hand, bracelets with two beads represent shortcut
multiplication by 100. The teacher randomly selects two students.

Students take turns saying one, two or three digit numbers to each other. The other student
multiplies the number by 10 if his bracelet has a single bead, and multiplies it by 100 if it has
double beads. Then the turn passes to the other student and he/she says a number. For example,
let's say that one of the two students coming to the blackboard has a bracelet with a single bead
(student with code name A) and the bracelet of the other with two beads (student with code
name B). A tells B the number 5. Since B's bracelet has double beads, she multiplies 5 by 100
and gives the answer 500. Since the answer is correct, it is B's turn to say the number. Then, let
B tell A the number 36. Since A's bracelet has a single bead, she multiplies the number 36 by
10 and gives the answer 360. Thus, since both students gave the correct answer, they sit in their
seats and the teacher chooses other students.

Figure 1. Bracelets prepared for students

2. Mathematical Achievement: Solve problems that require two operations, one of which
is division. Studies aimed at posing problems are also included.

Game/Activity Suggestion
Required Materials: Egg carton, pasta

The class is divided into four or six groups. Each group is given egg cartons with different
containers and mixed numbers of pasta. Each group puts equal amounts of pasta into their egg
containers. If there is any remaining pasta, they place it in a bowl (Figure 2). Afterwards, the
groups change places. Each group (station) creates a problem sentence about the egg case and
pasta in front of them and leaves the paper on that table. Afterwards, the groups return to their
first table and read and solve the problem sentence created. At the end of the game, each group
reads the problem sentences out loud and solves them.
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e

Figure 2. Pasta divided equally into egg cartons

2.5. Analysis of Data

After measuring the subjects included in the study, the results obtained from the inventory
were scored by the researchers. The raw scores of the students participating in the experimental
and control groups from the pre-test and post-test applications were tabulated and the arithmetic
mean, minimum-maximum values and standard deviation scores of the groups were calculated.
The difference between the pretest and posttest mean scores of the experimental and control
groups was tested in the comments on whether the creative activity and game work applied in
the mathematics lesson were effective, and the t value was calculated, and it was investigated
whether it was significant at the .05 level. The pre-test and post-test mean scores of the
experimental group and the control group were compared with the dependent t-test and it was
examined whether it was significant at the .05 level.

3. Results
3.1. The Results of the Application on Students' Attitudes to Mathematics

Table 1. Findings Regarding the Pre-Test and Post-Test Scores in the Experimental Group

Statistical Value N x Min. Max. sd. tvalue

Pre Test 23 60,26 50,00 81,00 7,34 1,29

Post Test 23 68,26 57,00 80,00 5,95
p<.05

As can be seen in Table 1, there is a significant difference between the pretest mean score
(60.26) and posttest mean score (68.26) of the experimental group in favor of the posttest
results. In order to determine whether the difference between the mathematics attitudes of the
students before the experiment and their mathematics attitudes after the experiment was
significant, the mean scores of the pre-test and post-test were compared with the dependent t-
test. The calculated t value is significant at the .05 level. Accordingly, the difference between
the pretest and posttest mean scores of the experimental group is significant.
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This result shows that there is a significant difference between the pre-test and post-test
results of the experimental group students participating in the creative mathematics activities in
terms of the level of mathematics attitudes.

Table 2. Findings Regarding the Control Group Pre-Test and Post-Test Scores

Statistical Value N x Min. Max. sd t value
Pre Test 19 5559 39,00 65,00 6,84 —1,48
Post Test 19 57,63 47,00 65,00 5,57

p<.05

In Table 2, it is seen that there is a very low difference in the mathematics attitude levels
of the control group students compared to the pre-test and post-test mean scores. In order to test
the significance of this difference, it was seen that the t value was not significant at the .05 level
when the pretest and posttest mean scores were tested with the dependent t test. This result
shows that there is no significant difference between the pre-test and post-test mathematics
attitudes scores of the control group.

Table 3. Findings Related to the Differences in the Pretest and Posttest Mean Scores of the
Experimental and Control Groups

Statistical Value n pretest x-sd posttest x - sd pre-post test x diff. tvalue

Experimental group 23 60,26-7,34 68,26-595 —8,00 —2,95
Control group 19 5559-6,84 57,63-557 2,04
p<.05

As shown in Table 3, the t-value was calculated by testing the difference between the pre-
test and post-test mean scores of the experimental and control groups in order to determine the
effect of creative mathematics activities and the study of improving mathematics attitude and
mathematics academic achievement on the mathematics attitude levels of primary school third
grade students. The calculated t value (—2.95) is significant at the .05 level. The gain of the
experimental group from the program is significantly higher than the control group. This result
shows that creative mathematics activities and the study of improving mathematics attitude and
mathematics academic achievement are effective on the mathematics attitude levels of primary
school third grade students.

3.2. The Results of the Application on the Mathematics Academic Achievement of
Students

Table 4. Findings Regarding the Pre-Test and Post-Test Scores in the Experimental Group

Statistical Value N x Min. Max. sd t value
Pre Test 23 58,95 34,00 90,00 16,29 -7,02
Post Test 23 75,82 36,00 98,00 16,66

p <.05

In Table 4, there is a significant difference between the pretest mean score (58.95) and the
posttest mean score (75.82) of the experimental group, in favor of the posttest results. Pre-test
and post-test mean scores were compared with the dependent t-test in order to determine
whether the difference between the students' mathematics academic achievement before the
experiment and their mathematics academic achievement after the experiment was significant.
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The calculated t value (—7.02) is significant at the .05 level. Accordingly, the difference between
the pretest and posttest mean scores of the experimental group is significant. This result shows
that there is a significant difference between the pre-test and post-test results of the experimental
group students participating in the creative mathematics activities in terms of the level of
academic achievement in mathematics.

Table 5. Findings Regarding the Control Group Pre-Test and Post-Test Scores

Statistical Value N x Min. Max. sd t value
Pre Test 19 58,78 31,00 87,00 15,02 -5,68
Post Test 19 59,15 39,00 95,00 16,52

p <.05

In Table 5, it is seen that there is a very low difference in the mathematics academic
achievement levels of the control group students compared to the pre-test and post-test mean
scores. In order to test the significance of this difference, it was seen that the t value was not
significant at the .05 level when the pretest and posttest mean scores were tested with the
dependent t test. This result shows that there is no significant difference between the pre-test
and post-test mathematics academic achievement scores of the control group.

Table 6. Findings Regarding the Differences in the Pre-Test and Post-Test Mean Scores of the
Experimental and Control Groups

Statistical Value n pretest x-sd posttest x - sd pre-post test x diff. tvalue

Experimental group 23 58,95-16,29 75,82-16,66 16,86 3,01
Control group 19 58,78-1502 67,15-1552 8,36
p<.05

As shown in Table 6, the t-value was calculated by testing the difference between the pre-
test and post-test mean scores of the experimental and control groups in order to determine the
effect of creative mathematics activities, mathematics attitude and mathematics academic
achievement work on the mathematics academic achievement levels of primary school third
grade students. The calculated t value (3.01) is significant at the .05 level. The gain of the
experimental group from the program is significantly higher than the control group. This result
shows that creative mathematics activities and the study of improving mathematics attitude and
mathematics academic achievement are highly effective on the mathematics academic
achievement levels of primary school third grade students.

4. Conclusion

When the findings of the study are examined, it is seen that the program has an effect on
the mathematics attitude and mathematics academic achievement of the students in the
experimental group who participated in the development of mathematics attitude and
mathematics academic achievement through creative mathematics activities. Before the
experimental application, the attitudes of the students in both the experimental and control
groups towards the mathematics lesson were quite high. The fact that the mathematics lesson
attracted the attention of students because it includes the solution of many problems they
encounter in daily life may have caused this situation. Since they find a piece of the lesson in
every moment of their life, it is expected that they have a positive attitude towards the lesson.
Attitude pretest results also confirm this. When the literature is examined, the studies (Tural,
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2005; Duran, Sidekli and Yorulmaz, 2018; Galig, 2020; Ceylan and Karahan, 2021) show
consistency with the findings obtained from this research.

Mathematics lessons with creative mathematics games and activities contribute
significantly more to students' academic success than the traditional method. Another result of
this study is that significant academic success was achieved in mathematics lessons taught with
creative activities. It is directly proportional to the findings obtained as a result of the study
conducted by Erdogan (2018).

As a result, it can be said that if the learning environment blended with creative activities
is used in the mathematics lesson, it can contribute positively to the academic achievement and
attitudes of the students. Since mathematics is based on abstract operations, formulas and
figures, it may be difficult for students to understand and make sense of it. For this reason, it is
very important that the mathematics lessons associated with real life, especially in the concrete
operational period, are made by touching, feeling and doing it personally, both in the
mathematics lessons in the classroom and in the mathematics practice applications at home.
Concrete practices are increasing in the classroom, and since the opportunity to do different
activities arises, it becomes easier for students to gain achievements. For this reason, the attitude
towards the course may increase as it contributes to the academic success in the course and
makes the course fun. In this context, it can be suggested that teachers use the blended learning
approach in mathematics lessons.
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Abstrakt

Téma rovnic a jejich soustav je v Ceské republice povinnym vystupem 2. stupné zakladni §koly.
Nasledné prolina vyukou matematiky a fady dal$ich pfedmétd viech stupiiti a typt kol. Zaci a studenti
se ulohy vétsinou nauci spravng fesit. Nedokazou vsak podle realné situace rovnice sestavit. V hlubsim
zkoumani pficin obtizi zaka a studentli vidime, Ze rovnice fesi bez porozuméni formalnimi algoritmy
typu ,,pfevedeme na druhou stranu a zménime znaménko*. V genetické vyuce matematiky, respektujici
konstruktivisticky pfistup, je systematické budovani rovnosti zahdjeno uz v matetské Skole, graduje na
1. stupni zékladni Skoly v né€kolika didaktickych prostfedich neboli sémantickych 1 strukturalnich
kontextech a vrcholi v 5. ro¢niku feSenim linearnich rovnic a jejich soustav. PopiSeme typové ulohy
napfi¢ témito prostfedimi, ukdzeme jejich potencidl pro porozuméni rovnicim a zpiisobu jejich feSeni
od matefské Skoly po 5. ro¢nik zakladni Skoly. Piedstavime Setfeni v 5. ro¢niku zakladni skoly:
v n¢kolika vyucovacich hodinach jsme zaktim zadali ilohu o mysleném ¢isle s vyzvou, aby ji prevedli
do co nejvice riiznych prostiedi. Zaci nasli osm prostiedi, v nichZ lohu fesili a feSeni komentovali.
Prabéh jejich feseni jsme evidovali videozdznamem. Predstavime Zakovska feseni, komentare a jejich
analyzu. Ukazeme kritick4 mista, slepé cesty i vysoky potencial tohoto zadani pro sestavovani rovnic
a reedukaci formalismu v jejich feseni.

Klicova slova: rovnost, rovnice, didaktické prostfedi, genetickd metoda vyuky matematiky,
izomorfismus uloh

THE EQUATION IN CONSTRUCTIVISTIC LEARNING AT PRIMARY
SCHOOL

Abstract

The topic of equations and their systems is an obligatory outcome of the secondary school in the
Czech Republic. Subsequently, it blends the teaching of mathematics and a number of other subjects
of all grades and types of schools. Pupils and students mostly learn to solve problems correctly.
However, they cannot create equations related to the real situation. In a deeper investigation of the
causes of pupils” and students” difficulties, we see that they solve equations without understanding by
formal algorithms such as "transfer to the other side and change the sign.” In genetic mathematics
teaching, respecting the constructivist approach, systematic building of equality starts already in pre-
school education, graduates to the primary school in several substantial learning environments,
semantic and structural contexts, and culminates in the 5th grade by solving linear equations and their
systems. We will describe the type problems across these environments, show their potential for
understanding equations and how to solve them from pre-school to the 5th grade of primary school.
We will present the survey in 5th grade of primary school: in several classes, we gave pupils task about
hidden number with a challenge to transcribe it into as many different environments as possible. The
pupils found eight environments in which they solved the problem and commented on the solution. We
recorded the course of their solution with a video recording. We will present pupils' solutions,
comments and their analysis. We will show critical points, dead ends as well as the high potential of
this task for compiling equations and reeducating formalism in their solution.

Keywords: equality, equations, learning environment, genetic method of teaching mathematics,
isomorphism of tasks
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1. Uvod

S mnoha situacemi budujicimi predstavy o rovnosti se dit¢ setkdva od narozeni. Zjistuje, zda
jsou objekty (predméty, jevy nebo procesy) stejné nebo se 1isi, rozdily pojmenovava. Po piirozeném
porovnavani (je — neni stejny) nastupuje porovnavani zakladni (vétsi — mensi — stejny, rychlejsi —
pomalejsi— stejny...), porovnavani rozdilem (o kolik?) a podilem (kolikrat?). Samostatnou kapitolou
V porovnavani je pak porovnavani mnozstvi a poctu. V kazdém ztéchto typli porovnavani
nachazime moznost ,,je stejny, stejn¢*, tedy rovnost. V piipadé rovnosti pak mohou déti objekty
pfifazovat (davaji k sobé ty, které jsou stejné, je jich stejn€) a tiidit (vytvareji skupiny stejnych
objektl, rovnajiciho se mnozstvi a poctu). Odtud smétuji k porozuméni ¢isla jako nazvu tiidy.

V Setfeni vyuzivame matematickych didaktickych prostiedich tak, jak je vymezuje némecky
badatel E. Wittmann (2001) v pojmu podnétné vyukové prostiedi (substantial learning environment.
Navazuje na myslenky o procesu uceni Deweye (1938), Piageta (2010) a Freudenthala (1991).
Wittmann zejména pozadoval, aby Zaci méli moznost feSenim uloh v daném prosttedi odhalovat
zakonitosti a klicové matematické pojmy. M. Hejny pojem didaktické matematické prostredi
precizoval (Hejny, 2014).

V predskolnim vzdélavani je téma rovnosti jesté vice zpracovano, a to prakticky ve vsech
didaktickych prostfedich rozvijejicich Ciselné predstavy: Krokovani, Schody, Vlacky, Autobus...
1 predstavy prostorové: Stavitelé, Podlahafi, Diivka, Papirnictvi... (Slezdkova a kol., 2020).

Na 1. stupni ZS se schéma rovnosti v téchto didaktickych prostfedich rozsifuje a piibyvaji
prostiedi nova, cilena na budovani schématu rovnic, nerovnic a jejich soustav: Myslim si ¢islo, Déda
Leson, Souctové trojtihelniky, Hadi, Pavuciny, Vahy... V téchto didaktickych prostiedich se Zaci uci
dobfi'e rovnicim, nerovnicim a jejich soustavam porozumét, k realné situaci rovnici, nerovnici nebo
soustavu sestavit, pfevadét zadani iloh mezi prostiedimi a identifikovat v jednotlivych prostiedich
navzajem izomorfni ulohy (Hejny a kol., 2018-2022).

2. Didakticka prostiedi pro budovani schématu rovnic

Ze vsech didaktickych prostfedi vybirame jen ta, kterd zaci vyuzili pro feSeni rovnice
Vv nasem Setfeni, a to Souctové trojuhelniky, Hadi, Pavuciny, Krokovani, Schody, Autobus,
Vlacky (zaci nevyuzili, uvadime pro srovnani s Dédou Lesoném), Déda Lesonl. Ukazky uloh
cerpame z blogu spole¢nosti H-mat, 0.p.s. (2018).

Krokovani je sémantickym didaktickym prostfedim, které vyuZziva zkuSenosti déti z chiize.
Cisla v zadavanych pokynech jsou ve vyznamu operatoru zmény — Udélej tii kroky doptedu.
Rovnice mizZeme ilustrovat jednoduchymi ¢innostmi, kdy déti A a B stoji na stejném poli
krokovaciho pasu, dité¢ A dostane pokyn: Ud¢lej tfi kroky doptedu, potom dva kroky doptedu,
zacni ted’. Kolik rokt musi ud¢lat dité B, aby stdlo vedle ditéte A? Zapisujeme:

e R |

Smétujeme k feSeni rovnic, napt.:
| 555> | |=]>~>] Tedy 4+x

| > | | cce | = >
Schody navazuji na prostfedi Krokovéani. Na krokovaci pas doplnime ¢isla ve vyznamu
linearni adresy. Rovnice miizeme ilustrovat jednoduchymi ¢innostmi, kdy dité stoji na cCisle 3

krokovaciho pasu, dostane pokyn: Udélej dva kroky dopiedu, zacni ted. Na kterém Cisle
krokovaciho pasu bude po provedeni pokynu stat?
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[3sl— —1] |

Sméfujeme k feSeni rovnic, napf-.:

| o222 22 Tedy x+2+3+4 =22
— — X+4+2-3 =17

| o= 17

Autobus je sémantickym didaktickym prostfedim, které vyuzivad zkuSenosti ditéte
Z cestovani hromadnou dopravou. Cisla jsou zde zastoupena jako operatory zmény (pfistoupili
dva cestujici) nebo stavy jako pocet (v autobuse jeli tfi cestujici). Jednoduché zadani predstavuje
uloha: Na zastavku pfijeli tfi cestujici, nikdo nevystoupil, dva cestujici nastoupili. Kolik
cestujicich odjelo ze zastavky? Sméfujeme k feseni rovnic (V — vystoupili, N — nastoupili, J —
jeli), napf.:

A|lB C|D

Situace na zastavce B: 11 —x+3 =10
Situace na zastavce C: 10 -5+ x =14
N 3 2|0 Situace na zastavce D: 14 —x +2 =13
) |11 |1w0|a] |

Vlacky a Déda Leson jsou sémantickymi didaktickymi prostfedimi, ktera pracuji se stavy
jako veli¢inou (délka vagonku, sila zvitatka). V piipadé¢ VIacku je sila vyjadiena délkou
vagonku, pficemz délka bezprostiedné nasledujiciho v barevném poradi je stejna jako délka
bezprostfedné predchazejiciho a bilého (Cerveny je stejné dlouhy jako dva bilé, zeleny je stejné
dlouhy jako Cerveny a bily, fialovy je stejné dlouhy jako zeleny a bily, zluty je stejné dlouhy
jako fialovy a bily...). V ptipadé¢ Dédy Lesoné je sila zvifatek dana dohodou, opét se pridava
k sile bezprostiedné predchoziho zvifatka sila mysi (kocka ma stejnou silu jako dvé mysi, husa
ma silu jako kocka a mys, pes ma silu jako husa a mys...). Jednoduché zadani ptedstavuje tloha:
Z nabidky vagdnki postav stejné dlouhé vlacky jako fialovy vagonek (4 bil¢). Z nabidky zvitatek
sestav druzstvo, které bude mit stejnou silu jako pes (4 mysi). Sméfujeme k feSeni rovnic, napf.
zjisti, ktery vagonek se ukryva pod plachtou (Ctverec s kiizkem), resp. které zvitatko se ukryva
pod maskou (barevny kruh), napf-.:

EEE-OX L
OO000=XIX

90=1@ Tedy 1+6 =4+
ox + 1 .
00 =-/ "

Souctové trojuhelniky jsou strukturdlnim prostiedim, kde plati, Ze soucet sousednich dvou
¢isel v jednom tadku je roven c¢islu mezi nimi o faddek nize. Ulohy vyzyvaji k doplnéni vSech
¢isel souctového trojuhelnika, sméfujeme k feSeni rovnic, resp. jejich soustav, napt.:
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Hadi jsou strukturdlnim prostfedim, kde plati, ze ¢isla v téle hada jsou stavy ve vyznamu
podtu a ¢&isla nad télem hada jsou operatory nebo skalary zmény. Ulohy vyzyvaji k doplnéni
vSech Cisel hada tak, aby dala spravny vysledek pocetni operace, pfi¢emz operace se provadi ve
sméru Sipky. Sméfujeme k feSeni rovnic, resp. soustav rovnic, napi.:

2 Tedy 3 =8,y+2=8
=« " 2x++X5 =9 T

-2 +5

- -0

Pavuciny jsou strukturalnim prostfedim, kde plati, Ze Cisla ve vrcholech pavuciny jsou stavy
ve vyznamu poctu a ¢isla nad Sipkami (nebo Sipky stejné barvy) jsou operatory nebo skalary
zmény. Ulohy vyzyvaji k doplnéni viech ¢isel (nebo barevnych gipek) do pavuginy tak, aby dala
spravny vysledek pocetni operace, pficemz operace se provadi ve sméru Sipky. Smétujeme
k feSeni rovnic, resp. soustav rovnic, napf.:

@@ Tedy x+1 =6
6+2 =y
= X+3 =y

3> O () X+z+1 =y

Prevadéni zadani rovnice v jednom prostiedi do prostfedi jinych, tedy hledani izomorfnich
uloh, buduje u Zakl dobré porozuméni a dava jim mozZnost feSeni v tom prostiedi, které je pro
né nejpiivetive)si.

3. ReSeni tloh v 5. ro¢niku ZS

V prosinci 2021 a lednu 2022 byla v 5. roéniku ZS Provaznicka v Ostravé zakim zadana
uloha o mysleném ¢isle s vyzvou, aby ulohu prevedli do co nejvice didaktickych prostiedi, ktera
znaji a spole¢né feseni diskutovali. Setfeni se zigastnilo sedmnact zaki t¥idy 5.B a jejich tiidni
ucitel v roli experimentatora. Ten zadal ulohu a vyzvu, feSeni Zaki a jejich diskuzi zaznamenaval
na video. Z zakovskych praci a videozaznamii jsme zpracovali analyzu.

Zadanou tlohou o mysleném ¢isle bylo: ,, Myslim si c¢islo, kdyz k néemu prictu 2, dostanu 6.
Které cislo si myslim.* Tedy rovnice x + 2 = 6. Uloha neni ndroéna na vypocet, na ten necili.
Cilem aktivity bylo zvédoméni izomorfismu napiti¢ didaktickymi prostfedimi. Ucitel se snazil
povzbudit zaky, aby se pokusili tento izomorfismus odhalit v co nejvice prostiedich, jakkoli je
zda a kde budou v prepisu do prostredi chybovat. Vysledky analyzy jsou vyuzitelné (1) pro
ucitele, protoZze mu davaji zpétnou vazbu tykajici se porozuméni jeho zakd rovnicim, (2) pro
studenty, pfipravujici se na povolani ucitele, protoze mohou porovnat vlastni poznatky
S poznatky zaki a upravit tak sva o¢ekavani, (3) pro ucitelé téchto studentl, protoze podobné
vyzvy a jejich analyzy mohou cilené zatazovat do jejich pfipravy a (4) pro autory ucebnic,
protoze mohou sva zadani korigovat.
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3.1. Prevod tlohy do prostiedi Souc¢tovych trojuhelnikii

Identifikovali jsme tfi rizné zplsoby zdznamu u deviti zakd, obrazek 1. V diskuzi zaka
k feSeni 1 zaznél argument, Ze Cisla v trojuhelniku neodpovidaji zadani Glohy. Myslené ¢islo by
m¢élo byt vlevo (jako tomu je v feSeni 2). Trojihelnik 1 odpovida jinému zadani: ,,K ¢islu 2 pfictu
myslené ¢islo a vyjde Cislo 6. Které ¢islo jsem piicetl? Vzhledem ke komutativnosti operace
scitani lze ptremyslet, zda zadani ,.kdyz myslené ¢islo pfictu k Cislu 2* zapsat x + 2 nebo 2 + x.
Diskuze ve tfid¢ ukazala, Ze zaci preferuji zépis x + 2, pravdépodobné i proto, Ze ,,myslim si
¢islo* zaznélo na pocatku ulohy. V feseni 3 zdk pouziva nestandardni trojuhelnik. Spoluzéci
namitaji, ze nevédi, jaka pravidla v ném plati. Autor ukazuje, ze 6 — 2 = ? a vysvétluje, ze tllohu
o mysleném c¢isle fesi ,,odzadu® inverzni operaci a neumi to do scitaciho trojuhelniku zapsat.
V teseni 4 zak doplnil podminku x — 2 = 2 a v trojuhelniku povazuje za neznamé ob¢ cisla na
prvnim tadku. Ukazuje, Zze myslené &islo musi byt 4, aby podminka platila. Cislo uréil zpaméti
a chtél ,,n¢jak* doplnit do trojuhelniku. Jeho feseni zaci zcela nepftijali, vadi, Ze se v trojahelniku
neobjevi zadané ,kdyz k nému piictu 2. Podminku povazuji za zbyte¢nou, za udaj navic.
Trojuhelniki s podminkou se ve tfidé objevilo nékolik riznych, na spravnosti zddného se zaci
neshodli, opakovali stejné argumenty jako ve 4. feSeni, obrazek 1.

2 \ 1 )
i w

Obrazek 1. Souctové trojuihelniky
3.2. Prevod tlohy do prostiedi Hadt

Do tohoto prostiedi ptepsalo ulohu pét Zakd, vSichni pouZzili podobny zdznam, 1isil se pouze
tvar Sipky, obrazek 2. V diskuzi se Zaci shodli, Ze na tvaru Sipky nezalezi.

@1’2’: @

Obrazek 2. Hadi

L

3.3. Prevod tlohy do prostifedi Pavucin

Do tohoto prostiedi pfepsali ulohu ¢tyfi zaci, diskutovany zaznam uvadime na obrazku 3.
Prvni zdznam komentoval autor takto: ,, Kdyz tady mame napovédu, Ze teckovana cara jsou 2,
takze od 6 se odecitaji 2, takze tady mame 4, a plna cara se rovnd 1, takze zase 4 — 1 = 3 a diky
tomu zjistime, Ze carkovanda cara se rovna 3. A to myslim si Cislo je to dole.

Zaci povazuji &islo 3 vpavu¢ing za zbytené, protoZe se v zadani neobjevuje. Autor
argumentuje, ze do pavuciny né&jaké Cislo dat musi (jinak by vySel had). Ucitel se zaka pta, zda
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opravdu tuto pavucinu ptevedou do mysleného Cisla tak, jak je myslené ¢islo zadano. Ttida se shodla,
pavucina je vyieSena spravng, ale tloze o mysleném cisle neodpovida. Je v ni vice tloh o mysleném
Cisle, napt. ,, Myslim si cislo, kdyz k nemu prictu 1 dostanu 4, Zze v pavucing je nékolik hada.

Obrazek 3. Pavuliny

3.4. Prevod tlohy do prostiedi Krokovani a Schody

Do prostiedi Krokovani ptepsali ulohu dva Zaci, jejich zaznamy uvadime na obrazku 4a, b.
V diskuzi se zaci shodli, Ze zdznam a) je aZ na grafiku v potadku: ,, Kolik krokii a kterym smérem
musim udélat, abych po dalsich dvou krocich vpred udélal celkem 6 krokii vpred?* \ zdznamu
b) autor zna strategii feSeni tloh o mysleném cisle (odzadu), do zaznamu ji zapracuje, tedy od
vysledku 6 odecitd operator 2 a za neznamou povazuje pravou stranu krokovaci rovnice.
Spoluzaci namitaji, ze zdznam neodpovidd zadani, pfestoZze vyjde spravny vysledek. Aby
odpovidal, musel by to byt zdznam na obrazku 4c. Do diskuze vstoupil ucitel s pfipsanim
ramecku, obrazek 4d. Tim se z prostiedi Krokovani dostal do prostfedi Schodt: ,, Na jakém
schodu stojim, kdyz po dvou krocich vzhitru budu na schodu 6?“, resp. ,,Na jakém podlazi
bydlim, kdyz po prestéehovani o 2 podlazi budu bydlet na podlazi 6? “ Ttida souhlasi.

c) d)
Obrazek 4. Krokovani a Schody

3.5. Prevod tlohy do prostiedi Autobus

Do prostfedi Autobus piepsal tlohu jeden zék, jeho zdznam uvadime na obrazku 5a: ,,Kolik
cestujicich nastoupilo na prvni zastadvce A do autobusu, kdyZz na zastavce B nikdo nevystoupil,
2 cestujici nastoupili a na kone¢nou pfijelo 6 cestujicich?* Diskutuje se uvedeni nul v tabulce,
napad, aby se namisto nich uvedl né&jaky nenulovy pocet nastoupivSich a stejny pocet
vystoupivsich. Autor vysvétloval, Ze chce pouZzit pouze Cisla ze zadani a nuly mu ptipadaji
vhodnéj$i neZ napft. + 4, - 4. Spoluzak navrhuje nepsat do poli s nulami nic, obrazek 5b. Ttida se
shoduje, ze by pak tloha méla mnoho feSeni, coz zadana tloha nema (musi vyjit 4). Objevil se
napad pridat k tabulce podminku, obrazek 5c, nasledné se tfida shoduje, Ze je tabulka 5S¢ shodna
s 5a (5a je jednodussi).
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a) b) c)
Obrazek 5. Autobus

3.6. Prevod ulohy do prostiredi Zviratka dédy Lesoné

Do tohoto prostiedi ptepsalo ulohu tiinact zaku, jejich zaznamy uvadime na obrazku 6.
Nejdiive se na tabuli zapsal zaznam 6a. Zde zaci namitali, ze by pes (zakrouzkovany symbol)
nem¢l byt v zdznamu uveden, je to neznamé zvitatko: ,, Jaké zviratko musi prijit kocce na pomoc,
aby byli stejné silni jako beran? “, obrazek 6b. Nasledovala diskuze ohledné potadi zviratek na
levé stran€ rovnice, obdobna jako diskuze v 3.1., Zaci navrhovali zdménu, obr. 6c.

L ;-

1
/1

A"\\ \ 7 ] i‘ — -w 4 A ' :

C‘\i M GYO C’\ - — g ,
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a) | b) ’ c)

Obrazek 6: Zviratka dédy Lesoné

3.7. Prevod tilohy do prostiedi slovnich tiloh

Slovni tulohy nejsou specifickym didaktickym prostfedim, pfesto jeden zak ulohu
o mySleném ¢isle do zadédni slovni Glohy ptevedl, a to takto: ,, Na tabore je blablabla déti. Kazdé
ma dostat 1 kolac, ale jeste musime dat dvoum vedoucim. Kolik je na tabore deti? “ Jako prvni
v diskuzi zaznélo, Ze ,,to nedava smysl* a nasledné, ze ,,vypadlo to ¢islo 6. Autor zadani upravil:
»INa tabore je 6 kolacit a ma se to rozdelit mezi nékolik deéti, a jesté maji dostat 2 vedouci. Kolik
Jje na tabore deti?* S timto prepisem se tfida i u€itel spokojili. Predpokladame, Ze nebrali v ivahu
moznost déleni kola¢t a méli na mysli spravedlivé déleni. Uloha by tedy mohla znit: ,Mezi déti
tabora a 2 vedouci bylo spravedlivé rozdéleno 6 kolach, kolace se nedélily. Kolik déti bylo na
tabote?* Jist¢ bychom mohli zpochybnit redlnost situace, kdy je na tabote tak maly pocet déti,
avSak Zaci by jisté nasli ,,vysvétleni®.

4. Shrnuti, zavér

Z celkového poctu sedmnacti zaka prevedlo tlohu o mySleném cisle tfinact Zakl do prostiedi
Zvitatek dédy Lesoné¢, 9 74kl do prostiedi Souctovych trojuhelniki, 5 Zakt do prostredi Hada,
4 7aci do prostedi Pavucin, 2 Zaci do prostiedi Krokovani a po jednom zakovi do prostiedi
Autobusu a na slovni tlohu, tabulka 1. Neméame evidenci u jednotlivych zakt, tedy nevime, do
kolika a kterych prostfedi ptrevadeli. Protoze vSak celkovy soucet prostiedi (pravy sloupec
tabulky 1) je 35, primérny pocet prostiedi na jednoho zéka je dvé.

Nejcastéji vyuzivanym prostfedim jsou Zvifatka dédy Lesoné, nasleduji Souctové
trojihelniky, Hadi a PavuCiny. Tento vysledek zdivodiujeme vysokym motivacnim
potencidlem Leson¢ spolu se snadnym pievodem, kdy stacilo do tlohy za myslené ¢islo dosadit
masku a za ostatni Cisla silu zvifatek. Snadny pievod nabizela i prostiedi Souctovych
trojuhelnik®i a Hadt, jedna se v8ak o strukturalni prosttedi, kterd pro Zaky nemusi byt tak snadno
uchopitelnd a zapamatovatelna. Prvkem, ktery rozhodoval o vyuziti prostiedi byla i zkusenost
zaka s praci v daném V prostiedi. Zajimavym vysledkem jsou ¢tyfi pievody do Pavucin, kde se
prevod ukazal jako velmi diskutabilni, a nakonec nebyl uskute¢nén (Pavuciny se redukovaly na
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Hady). Naopak snazsi a fungujici pfevod do Schodt nikdo nepouzil, dva zéaci se do tohoto
prostfedi dostali az skrze Krokovani. Tento vysledek mizeme vysvétlit dlouhou prodlevou od
posledni prace v prostfedi Krokovani/Schody. Ukazkou zédkovy snahy o nalezeni co nejvétsiho
poctu prostiedi je i pokus o pfevod do Autobusu, ktery standardnim prosttedim pro feSeni rovnic
v zakové pojeti neni. Zak by mohl fesit situaci na jedné zastavce, coz neuéinil. Dobrym pokusem
s odhlédnutim od vysledku je pokus o formulaci slovni tlohy feSené tlohou o mysleném cisle,
tento by mohl slouzit jako nova vyzva v dalsi aktivité s rovnicemi souvisejici.

Tabulka 1. Pouzita prostiedi

prostiedi pocet Zaki
Déda Leson 13
Trojuhelniky 9
Had 5
Pavucina 4
Krokovani 2
Autobus 1
Slovni uloha 1

Nejkontroverznéjsim a opakujicim se obsahem diskuze se ukdzala byt pozice neznamého
¢isla v Lesonovi a Souctovém trojuhelniku, dale pak konvence zapisi ve vSech prostiedich
véetné oznaceni neznamého Cisla.

Ptepisy rovnice do rGznych sémantickych nebo strukturdlnich situaci mohou dobie
diagnostikovat uroven zakova porozuméni, schopnost piepsat rovnici do prostredi, ve kterém se
zak nejlépe orientuje, mu pak mize usnadnit feSeni.

Vysledky Setfeni zamyslime vyuzit pro ptipravu budoucich ucitelt, dalsi vzdélavani uciteld
a autory uéebnic matematiky pro 1. stupen ZS.
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